Symplectic extension graphs and Ribet’s lemma

Aniruddha Sudarshan

ABSTRACT. Let p be an odd prime, and let p: G — GSp,,,(Z,) be an irreducible symplectic
residually multiplicity-free representation. We define the symplectic extension graph I‘S’Sp
associated with p to be the directed graph whose vertices are the residual factors of p
and a directed edge between two vertices corresponds to a nonsplit extension between the
vertices realized by a G-stable symplectic lattice. Using the Euclidean Bruhat-Tits building
associated with GSp,,, (Qp), we prove, under suitable assumptions, the existence of certain
paths in FSSP and show that I‘SSP is a disjoint union of nonempty strongly connected
subgraphs. Moreover, we provide examples to show that the result we obtain is optimal.
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1. Introduction

In his remarkable paper, Ribet proves the converse to Herbrand’s theorem by using certain
congruences between modular forms [Rib76]. A crucial step in his proof is the construction
of a nonsplit extension between characters, usually called Ribet’s lemma [Rib76, Proposition
2.1]. Throughout this paper, we fix an odd prime p. Let V be a 2-dimensional Q,-vector
space, p: G — GL(V) be an irreducible representation that admits a G-stable Z,-lattice in
V', and let p be residually reducible with factors x; and xs. Ribet shows the existence of
G-stable Z,-lattices A; and Ay of V such that A;/pA; is a nonsplit extension of x; by x; for
all 1 <i#£j5<2.

The sketch of a modern proof of Ribet’s lemma is as follows. The p-adic Galois represen-
tation associated with a cuspidal elliptic Hecke eigenform that is congruent to an Eisenstein
series modulo p satisfies Ribet’s hypothesis. Using the local properties (such as ordinary at
p) of such a Galois representation, Ribet constructs nontrivial unramified cohomology classes.
This method of using congruences between modular forms to construct nontrivial elements in
certain Selmer groups is often called Ribet’s method.

1.1. Generalization of Ribet’s lemma due to Bellaiche. Bellaiche attributes to
Serre a proof of [Rib76, Proposition 2.1] using the Bruhat-Tits tree associated with GL(Q,)
[Bel09]. Generalizing this method, for all n > 2, Bellaiche obtains a GL,-version of Ribet’s
lemma using the Bruhat-Tits building associated with GL,(Q,) [Bel03, Theorem 1].

Let V' be a finite dimensional vector space over Q,, and let p: G — GL(V') be a p-adic
representation that admits a G-stable Z,-lattice in V. For example, this occurs when G
is compact and p is continuous [Bel09, Corollary 1.1]. For a G-stable lattice A, let 7,
be the residual representation A/pA. Although the representation p, depends on A, its
semisimplification p% is independent of the choice of A [Bel09, Proposition 1.2]. The residual
factors of a representation p: G — GL(V') that admits a G-stable lattice A are defined to
be the irreducible Jordan-Holder factors of p§¥. We assume the residual factors of p are
absolutely irreducible. Let py,..., ps be the isomorphism classes of the residual factors of p.

DEFINITION 1.1. The extension graph FS’L is the directed graph on the set of vertices
{p1,...,pa}, where an edge from p; to p; exists if there exists a G-stable lattice A in V' such
that p, admits a nonsplit extension of p; by p; as a subquotient.

A directed graph is strongly connected if there is a directed path between any two vertices.
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THEOREM 1.2. [Bel03, Theorem 1] If p is irreducible, then FSL 18 strongly connected.

Under the assumption that each p; occurs with multiplicity one in p*, Bellaiche—Graftieaux
show that p is irreducible if and only if FS’L is strongly connected [BGO06, Proposition 3.4.1].
Thus, Theorem 1.2 is optimal under the given hypothesis. When d = 2, Theorem 1.2 is a
reformulation of [Rib76, Proposition 2.1]. Using Ribet’s method, Theorem 1.2 has some
arithmetic applications (for example, [BC04] and [BK21]).

1.2. Our results. For an irreducible symplectic representation, we define and study
the subgraph of Bellaiche’s extension graph whose edges correspond to nonsplit extensions
realized by stable symplectic lattices.

Let V be a Q,-vector space with a symplectic (see Definition 2.1) bilinear form ¢. Let
GL(V, ¢) be the subgroup of GL(V') consisting of elements M such that,

p(Mv, Mw) = A(M)p(v,w) for all v,w € V and for some \(M) € Q.

A representation p: G — GL(V) is symplectic if p(G) C GL(V, ¢).

A Z,lattice A in V is a symplectic lattice if the bilinear form on A/pA induced' by
¢ is symplectic. If A is symplectic and ¢(A x A) = Z,, then we call A primitive. Let
p: G — GL(V, ¢) be an irreducible symplectic representation that admits a G-stable primitive
lattice. We note that p stabilizes a primitive lattice if and only if there exists a (symplectic)
basis of V' with respect to which p(G) C GSp,,,(Z,). We assume the residual factors of p are
absolutely irreducible. Let py,..., ps be the isomorphism classes of the residual factors of p.

DEFINITION 1.3. The symplectic extension graph FSSI’ is the directed graph on the set of
vertices {p1, ..., pa} such that an edge from p; to p; exists if there exists a G-stable symplectic
lattice A in V' such that p, admits a nonsplit extension of p; by p; as a subquotient.

We show that FSSP is a skew-symmetric graph (see Definition 1.4). Under further
assumptions on the residual factors of p, we show the existence of certain paths in FSSP and
show that I' SSP is a disjoint union of strongly connected graphs.

To state our results precisely, we introduce some notation. For all ¢ € G, we let
Ap(g) == A(p(g)). Since p admits a G-stable primitive lattice, we see that \,(G) C Z). Let 7
be the Z,-linear involution of the group ring Z,[G] defined on G by 7(g) = A,(g9)g~*. For
a matrix M, we let M" be its transpose. For a representation ¢: G — GLg,(Z,), we let
Yt = (¢ o). Since p(G) C GL(V, ¢), there exists a involution o on I = {1,...,d} such
that

Po(i) ~ pf‘ forallz € I.

DEFINITION 1.4. [GK96] A directed graph (V, E) is skew symmetric if there is a involution
o on V such that o(u) # u for all u € V and, for any u,v € V, (u,v) € F if and only if
(o(v),o(u)) € E.

PROPOSITION 1.5. Let p: G — GL(V, ¢) be an irreducible symplectic p-adic representation
stabilizing a primitive lattice in V. Let py, ..., pg be the residual factors of p that are pairwise

ISee the discussion before Definition 4.4
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nonisomorphic. Let o be the involution on {1,...,d} defined by pyu) ~ pi. Suppose that
o(i) # i for all 1 < i < d. Then the directed graph FSSp 15 a skew symmetric graph with
respect to the involution on {p1, ..., pa} induced by o.

Throughout the paper, we usually assume
(rmf) p is residually multiplicity free.
For our main results, we also need an extra assumption:
(dist) There exists gg € G such that p(go) has distinct eigenvalues.

We now state the main theorem of the paper. All the results we state for p-adic
representations hold, with the same proof, when Z, is replaced by a complete discrete
valuation ring with finite residue field of characteristic p.

THEOREM 1.6. Let (V,¢) be a symplectic Q,-vector space. Let p: G — GL(V, @) be an
wrreducible symplectic representation that admits a G-stable primitive lattice, with absolutely
irreducible residual factors py,...,pq. Let o be the permutation on {1,...,d} defined by
Potiy = pi-- Assume that p satisfies (dist) and (rmf), and that o(i) # i for all 1 < i < d.
Then the directed graph F,(O;Sp satisfies the following conditions.

(a) For all1 <i<d, p; and p,q) lie in the same strongly connected component.
(b) It is a disjoint union of at most d/2 strongly connected graphs.

In particular, if FSSP has d/2 strongly connected components, then FSSP 15 the disjoint union
of strongly connected graphs with vertices {pi, ps(i) tico()-

When d = 2, Theorem 1.6 is a generalization of [Urb01, Proposition 1.1] (Urban works
over GSp,) for complete discrete valuation rings with finite residue field of odd characteristic.
Using [Urb01, Proposition 1.1}, Urban produces nontrivial elements in a Selmer group of
certain twists of ad® of a modular p-adic Galois representation [Urb01, Theorem 3.7].

We show that Theorem 1.6 is the optimal result one could achieve in this generality.

THEOREM 1.7. Given a positive integer n, and an integer r € {1,... ,n}, there exists a
group G, and an irreducible symplectic representation p: G, — GSp,,(Z,) satisfying (dist)
and (rmf) such that

(a) the residual factors of p are characters,
is a disjoint union of r strongly connected graphs.
bFSSp' disjoint uni trongly ted graph

We believe (dist) should be omittable, and should be equivalent to (rmf) (this is the case
when n = 1). On the other hand, the assumption o (i) # i for all 1 < ¢ < d is necessary for
Theorem 1.6 and the method of proof. To be precise, we produce a symplectic irreducible
p-adic representation p that is residually reducible with three absolutely irreducible residual
factors such that FSSP is an empty graph but FSL is a complete graph (see Proposition 5.14).

The work of Bellaiche—Graftieaux. In proving our main results, we prove symplectic
versions of certain results in [BGOG6]. In this subsection, we give an overview of some crucial
results from [BGO06].
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Let V' be an n-dimensional Q,-vector space and let p: G — GL(V') be an irreducible
representation that admits a G-stable Z,-lattice. Suppose that p satisfies (rmf) and py, ..., p4
are its absolutely irreducible residual factors. Let S/?L be the (finite) set of homothety classes of
G-stable lattices in the Bruhat-Tits building associated with GL(V'). Then there exists a basis

{v1,..., v} of V such that every vertex in S§* is of the form [ay, . . ., ayn] := [(p™ vy, ..., p* vy)]
for some integers ay, . .., a, [BGO06, Proposition 3.1.1] (see Proposition 4.28 for the analogous
symplectic version). Moreover, there exists a metric n: {1,...,n}? — Z such that

SSL = {la1,...,an] | @i —a; <n(i, 7))}

In fact, SSL lives in a sub-apartment of dimension d — 1: there exists a partition
{1,...,n} = |_|;.l:1 B,, such that n =0 on B; x B; for all 1 < j < d. This implies that 7 is
constant on B; x By, for all 1 < j, k < d. Thus, n corresponding to SSL defines a metric graph
Q(SPGL) on {1,...,d}. Conversely, given a metric graph G on {1, ..., d}, there exists a group

G and an irreducible representation p: G — GL,(Z,) such that G (S'SL) = G [BGO06, Lemme
3.2.1]. The proof of Theorem 1.7 is inspired by the proof of [BG06, Lemme 3.2.1].

1.3. Method of proof. Let V be a finite-dimensional Q,-vector space with a symplectic
form ¢. Let p: G — GL(V, ¢) be an irreducible symplectic representation that admits a
G-stable primitive lattice and satisfies (rmf). Let p1,..., ps be the absolutely irreducible
residual factors of p. Let I = {1,...,d}, o: I — I be defined by p,;) =~ p;i, and let
Iy:={iel]o(i)=i}.

We prove Theorem 1.6 by using the Bruhat-Tits building A associated with GL(V, ¢).
The building A is a simplicial complex whose vertices are either homothety classes [Ag] of
primitive lattices, or correspond to isotropic subspaces of Ag/pAg. Let YPGSP be the simplicial
subcomplex of A formed by G-stable vertices in A. Since p is irreducible, YPGSP is compact.
The vertices on the boundary of ypGSp correspond to indecomposable residual representations.
Under the assumption Iy = &, we show the existence of certain symplectic vertices on the
boundary of ystp. These are precisely the vertices that realize certain edges in the symplectic
extension graph associated with p.

The assumption Iy = @ is equivalent to the existence of neighbouring symplectic vertices
in ﬂpGSp (see Proposition 4.27). We define the Jordan-Hdlder colouring on the edges in ystp
as in [Bel03]. Assuming I, = @ and (dist), we can move between symplectic vertices in
ypGSp to show the existence of G-stable symplectic vertices (on the boundary) with no edges
of a specific colouring (see Proposition 4.35). This is equivalent to the existence of edges in
[5P (see Proposition 4.34).

The proof of Theorem 1.7 builds on the examples constructed when d € {2,4}. To prove
Theorem 1.7, we use a construction inspired by [BG06, Lemme 3.2.1]. Given a positive integer
r < n, we define a metric ™ on I such that G, := {(a;;) € GSpy,(Z,) | aij € p"<T)(i’j)Zp}
with the inclusion p: G, < GSp,, (Z,) satisfies the conclusions of Theorem 1.7. A similar
construction is used to produce an example of a p-adic representation whose symplectic
extension graph is empty (see Proposition 5.14).

1.4. Motivation and future direction. Ribet’s lemma was generalized to prove certain
cases of the Iwasawa main conjectures [MW84, Wil90, Urb01, SU14|. More recently,
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Dasgupta—-Kakde and collaborators proved the Brumer—Stark conjecture by generalizing
Ribet’s lemma for two-dimensional representations valued in complete reduced local rings
[DK23, DKSW23b, DKSW23a].

Bellaiche-Chenevier generalize Ribet’s lemma to local henselian rings by use of pseu-
dorepresentations and generalized matriz algebras (GMAs) [BC09, §1]. Given an irreducible
pseudocharacter that is residually multiplicity free, they provide a systematic way to con-
struct nonsplit extensions between residual representations [BC09, Theorem 1.5.5]. As an
arithmetic application, they construct more than one linearly independent element in certain
Selmer groups to prove cases of the Bloch—Kato conjecture [BC09, Chapter 5].

Recently, Moakher-Quast have developed an analogous theory of symplectic determinants
(in the sense of [Chel4|) and symplectic GMAs [MQ26]. Building on this new theory,
one hopes for a symplectic analogue, if it exists, of [BC09, Theorem 1.5.5] and its possible
arithmetic applications. As a first step in this pursuit, we study extensions of representations
realized by symplectic lattices.

1.5. Outline of the paper. In Section 2, we fix notation and provide background on
symplectic modules and representations. In Section 3, we recall a few results and definitions
from [BCO09, §1.8] in our setting and prove Proposition 1.5. The key result of this section
is that, given a symplectic residually multiplicity-free p-adic representation p, under some
assumptions, we show the existence of a “special” symplectic basis with respect to which the
diagonal matrices lie in the image of p.

In Section 4, we introduce Bruhat—Tits buildings associated with general linear groups
and symplectic groups over Q,. A building is an abstract simplicial complex that is a union of
subcomplexes called apartments. By their description, an apartment corresponds to a basis of
the underlying vector space and is easier to work with. For example, moving between vertices
in an apartment corresponds to conjugation of lattices by certain diagonal matrices. For a
symplectic irreducible p-adic representation p, we study the geometry of ﬂpGSp, the simplicial
complex formed by G-stable lattices in the symplectic building. We show that YPGSP lies in a
symplectic apartment corresponding to a special symplectic basis as in Section 3. This gives
us all the data of vertices and their neighbours in ystp with respect to the symplectic basis,
and is used to prove the existence of certain boundary vertices of YpGSp.

In Section 5, using the main results from Section 4, we prove our main results Theorem 1.6
and Theorem 1.7. We end with an example of an irreducible symplectic representation whose
extension graph is empty (see Proposition 5.14).

Acknowledgement. I thank my advisor, Jaclyn Lang, for continuous support and
encouragement throughout writing this article. I also thank Mohamed Moakher for useful
conversations and comments on an earlier draft, Matthew Stover for conversations on buildings,
and Carl Wang-Frickson for helpful suggestions. The author was partially supported by the
National Science Foundation grant DMS-2301738 while completing this work.
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2. Symplectic modules and symplectic representations

In this section, we give a brief introduction to symplectic modules and representations.

2.1. Symplectic modules. We recall a few facts about finite free symplectic modules
over a (commutative) ring A with 2 € A*. Given an A-basis {ey,...,e,} of V, the matrix
representing ¢ on V' is the n x n matrix whose (i, j)-th entry is ¢(e;, €;).

DEFINITION 2.1. A symplectic pairing on a finite free A-module V' is a bilinear pairing
¢: V xV — A satisfying
(1) (alternating) ¢(v,v) =0 for all v € V;
(2) (perfect) the map V' — Homy(V, A) mapping v to the A-linear map w — ¢(v, w) is
an isomorphism of A-modules.

REMARKS.

(a) A bilinear pairing ¢ is a symplectic pairing on V if and only if, for any given basis
of V, the matrix @ € M, (A) representing ¢ is invertible and skew symmetric; that is,
Q € GL,(A) and Q' = —Q. Using this, one can check that a symplectic pairing on a
finite free A-module V' exists if and only if V' has even rank.

(b) Definition 2.1(2) is stronger than just ¢ being nondegenerate. To be precise, if ¢ is a
symplectic pairing on a finite free module V' over a ring A, then for every nonzero w € V'
that can be extended to an A-basis of V| there exists v € V such that ¢(v,w) = 1.

(c) When A is a field, Definition 2.1(2) is equivalent to ¢ being nondegenerate.

By the notion of a symplectic pairing, we make the following definitions as in [LS10, §1].

DEFINITIONS 2.2. Let A be a ring with 2 € A*. A symplectic module over A of rank 2n is
a tuple (V, ¢) where V' is a finitely generated free module over A with rank 2n and ¢ is a
symplectic bilinear pairing on V. A submodule W of V is said to be

(a) isotropic if ¢lwxw = 0;

(b) symplectic if ¢|ww is perfect.

A Z,-lattice A in a symplectic Q,-vector space (V, ¢) is primitive (that is, (A x A) = Z,
and ¢|axa mod p is symplectic on A/pA) if and only if (A, ¢|axa) is a symplectic Z,-module.
It follows by definition that a symplectic Z,-module is primitive. We prove the converse later:
a primitive Z,-lattice admits a symplectic Z,-basis (see Definition 2.6 and Corollary 4.12).

DEFINITION 2.3. Let (V, ) be a symplectic A-module. For a subset W of V| we write W°
for the submodule of V' consisting of elements w® € V' such that ¢(w®,w) = 0 for all w € W.

We observe that W is isotropic if and only if W C WO, If (W, ¢|wxw) is a symplectic
A-submodule of V', then W N W = 0. The converse holds when A is a field, but is not true
generally since W N W = 0 is equivalent to @|y xw being nondegenerate.

DEFINITION 2.4. An isotropic subspace W of V' is Lagrangian if it satisfies W = W°. In
other words, a Lagrangian subspace is a maximal isotropic subspace of V.
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PROPOSITION 2.5. Let A be a local ring with maximal ideal m and 2 € A*. Let V be a
free module of rank 2n over A, and let ¢ be an alternating bilinear pairing on V. Then ¢
is a symplectic pairing if and only if, given an element wy € V' \ mV, there is a basis of V
containing wy with respect to which the matriz representing ¢ s

1,
JQn = ([ )7

where I, is the identity matriz in GL,(A).

PRroOF. The if part is immediate. We now prove the only if part. By the definition of a
symplectic pairing (see Remark (b)), there exists v; € V such that ¢(vy,w;) =1. If n =1,
then V' is the span of {wy, v} and the result follows. Let W be the span of {wy,v;}. Then
it is easy to see that V =W @ W° and W? is a symplectic submodule of V' of dimension
2n — 2. The proof follows by induction on n. U

When the dimension n is implicit, we write J and [ instead of .Js, and I,,, respectively.

DEFINITION 2.6. Let (V, ¢) be a symplectic module over a ring A with 2 € A*. A basis of
V' is a symplectic basis if the matrix representing ¢ is J.

For future use, we use certain permutations of a symplectic basis (for example, see the
proof of Proposition 3.9).

LEMMA 2.7. Let (V, ) be a symplectic module of rank 2n over a ring A with 2 € A*. Given
a symplectic basis B of V', and an integer 1 < r < n, there exists a basis of V', given by
permuting elements of B, with respect to which the matrixz representing ¢ is

I,
JQ(n—r)
I
PROOF. Let {wy,...,w,,v1,...,v,} be a symplectic basis of V' as constructed in Propo-
sition 2.5. The required basis is {wy, ..., Wp, Vpi1y -« Upy U1, - oo, Up b O

Properties of symplectic subspaces. In this section, we recall a few basic facts on the
symplectic subspaces of a symplectic vector space (V, ¢) over a field K with Char(K) # 2.

PROPOSITION 2.8. If W is a symplectic subspace of (V,¢), then
V=WwaWw

PROOF. We choose a symplectic basis {wy,...,w,,vy,...,v,.} of W by Proposition 2.5.
ForveV,let o =v+ Y. (¢(v,v))w; — ¢(v,w;)v;). Then 0 € W? and v — v € W. This
shows that W +W?° = V. The result now follows since W is symplectic and WNW° =0. O

COROLLARY 2.9. A subspace W of (V,¢) is symplectic if and only if W° is symplectic.
Moreover, if W is symplectic, then (W°)0 = W.
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PROOF. If W is symplectic, then it follows that W9 is symplectic by Proposition 2.8.
For the converse, if W is not symplectic, then there is a nonzero w € W N W?°. If W° were
symplectic, then there exists v € W0 such that ¢(w,v) = 1. Since w € W and v € W, we
have a contradiction. This proves that if W° is symplectic, then so is W. If W and W?° are
symplectic, then by looking at dimensions, it follows that W = (W?)°. O

COROLLARY 2.10. Let (V,¢) be a symplectic vector space of dimension 2n. Let W be a
symplectic subspace of V' of dimension 2r. Any symplectic basis of W can be extended to a
basis of V' with respect to which the matriz corresponding to ¢ is

J2r
JZ(nfr) ‘

PROOF. We see that V = W @ W? and both W and W are symplectic subspaces of V' by
Proposition 2.8 and Corollary 2.9. There exists a symplectic basis B of W and a symplectic
basis B® of W° by Proposition 2.5. The desired basis is B L B°. O

Properties of isotropic subspaces. Let (V, ¢) be a symplectic vector space of dimension 2n
over a field K with Char(K') # 2. Let A be a Z,-lattice in V. The neighbours of the vertex
[A] in the building associated with GL(V') (see Section 4) are in one-to-one correspondence
with proper subspaces of A/pA. When A is a symplectic lattice, then the neighbours of [A] in
the building associated with GL(V, @) correspond to proper isotropic subspaces of A/pA.

In this section, we prove some preliminary results on isotropic subspaces of a symplectic
vector space. In particular, given an isotropic flag of V', we show that there is a symplectic
basis of V' that extends a basis of the subspaces in the flag (see Proposition 2.12).

LEMMA 2.11. Let W be an isotropic subspace of V. There is a basis of W that extends to a
symplectic basis of V.. Moreover, the dimension of W is n if and only if W is a Lagrangian
subspace of V.

PRrROOF. The proof of the first part follows by induction on dimg W for which the base
case is Proposition 2.5. If W is an isotropic subspace of dimension r, then W is Lagrangian
inside a 2r-dimensional symplectic subspace of V. This proves the second part. 0

The following result generalizes Proposition 2.5 and is crucial. An isotropic flag in a
symplectic vector space corresponds to a simplex in the corresponding symplectic building.
We use the following Proposition 2.12 in Section 4 to show that every simplex lies in an
apartment (see Proposition 4.13).

PROPOSITION 2.12. Let (V,¢) be a symplectic vector space over a field K with Char(K) # 2,
and let

0=VWcWc---cV,CcV

be a flag in V' such that V,, is isotropic. There is a symplectic basis {wq, ..., wp,v1,..., 05}
of V' such that {wy,...,w; } is a basis of Vi for 1 < k < m, where iy = dim V}.

ProoF. We induct on m > 1. The base case is Lemma 2.11. Using the inductive hypoth-
esis on the flag 0 C V) C --- C V,,_1 C V, we get a symplectic basis {wy,...,w,,v1,...,0,}
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of V such that {wi,...,w; } is a basis for V; for 1 < k < m. For w € V},, consider the
element in V,, defined by @ = w + > "' ¢(w,v;)w;. By our choice, ¢(w,v;) = 0 for
1 <j <im_y. Let V;, = {0 | w € V,,}. Since V}, is an isotropic subspace of the symplectic
space {wy, ..., w;,,_,,V1,...,0, ,}°, using the induction hypothesis, we obtain a symplec-
tic basis of {wy,...,w;, ,,v1,...,v; ,}° extending a basis {w;, ,41,...,w;, } of V.. By
combining the two bases suitably, the result follows. 0

2.2. Symplectic representations. Our version of the generalization of Ribet’s lemma
is for symplectic representations. In this section, we study the properties of symplectic
representations. We make use of the extra structure of symplectic representations to prove
Proposition 1.5 (see Section 3).

DEFINITION 2.13. Let A be a ring with 2 € A*. A morphism between symplectic modules
(V,¢) and (V',¢') over A is an A-module morphism ¢: V — V' such that, for all v,w € V|

¢'(p(v), p(w)) = Ap)d(v, w)  for some A(p) € A.

A morphism ¢: (V,¢) — (V',¢') is an isomorphism if there exists a two-sided inverse
morphism ¢~ 1: (V' ¢') — (V, ¢).

Note that symplectic morphisms are closed under composition. Moreover, for symplectic
morphisms ¢: V — V" and ¢': V! — V" we see that A\(¢' 0 ) = A(¢")A(p).

DEFINITION 2.14. For a symplectic module (V, ¢) over A, let End 4(V, ¢) be the monoid (with
respect to composition) of endomorphisms of (V, ¢), and let GL4(V, ¢) be the group of units in
Enda(V, ¢) consisting of automorphisms of (V, ¢). The homomorphism A: GL4(V, ¢) — A*
is called the similitude character of (V,¢). We often write GL(V, ¢) for GLg,(V, ¢).

REMARKS.

(a) When V' is 2-dimensional, then Enda(V, ¢) ~ My(A) and X = det.
(b) A morphism ¢: (V,¢) — (V',¢') of symplectic A-modules is an isomorphism if and only
if o is bijective and A(¢) € A*.

DEFINITION 2.15. Let (V,¢) be a symplectic module over A. A representation p: G —
GLA(V) of a group G is symplectic if the image p(G) lies in GL4(V, ¢). The associated
character Ao p: G — A* is called the similitude character of p.

LEMMA 2.16. Let (V,¢) be a symplectic A-module. Let p: G — GL4(V') be a representation,
and let X be a character of G. Then p is symplectic with similitude character X if and only if
given a basis of V' with respect to which ¢ is represented by a matrix Q, we have

p(9)'Qp(g) = Mg)Q forall g€ G.

Moreover, if p is symplectic with similitude character X\ and p* := \p~, then p* ~ p.

PRrOOF. The proof follows by definition. U
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An A-linear group representation induces an A-algebra representation of the group ring
by linearity. There is a similar correspondence for symplectic group representations. We
make the following definitions to make this correspondence precise.

DEFINITIONS 2.17.

(i) Let R be an A-algebra. An involution on R is a bijective A-linear map 7: R — R such
that 7(ryra) = 7(re)7(r1) for all 1,79 € R. Such a tuple (R, 7) is called an involutive
algebra over A.

(ii) A morphism between involutive A-algebras (R,7) and (R',7’) is an A-algebra map
Y: (R,7) = (R, 7') such that

P(7(r)) =7'((r)) forall r € R.

Given a skew symmetric matrix @ € GLs,(A), we define an involution 7¢ on Ms, (A) by

To(M) = Q'M'Q for all M € My, (A).

DEFINITION 2.18. [MQ26, Definition 2.1] A symplectic representation of an involutive
A-algebra (R, 7) is a morphism of involutive algebras (R,7) — (Ma,(A), 7g), for a skew
symmetric matrix ). By a change of basis, () can be taken to be J.

Let (V,¢) be a symplectic module of rank 2n over A, \: G — A* be a character of G,
and let 7 = 7, be the A-linear involution 7 on A[G] given by 7(g) = A\(g)g~" for g € G. The
following result is an easy consequence of the definitions.

LEMMA 2.19. Let p: G — GLA(V) be a representation and let p: A|G] — Ma,(A) be the
induced A-algebra representation after fixing a basis of V.. Let \: G — A* be a character.
Then p is a symplectic representation of (A[G], Ty) if and only if p is a symplectic representation
with simalitude character \.

The general symplectic group. Let (V,¢) be a symplectic module of rank 2n over A with a
symplectic basis B (such a basis always exists by Proposition 2.5). For 0 € GLA(V, ¢), let M,
be the corresponding matrix in Ms,(A) with respect to B. The map taking o € GL4(V, ¢) to
M, € GLy,(A) gives an isomorphism between the group GL4(V, ¢) and the 2n-dimensional
general symplectic group, denoted by GSp,,,(A), consisting of matrices M in GLg,(A) satisfying

M'JM = X(M)J  for some \(M) € A*.

After fixing a symplectic basis, a symplectic representation G — GLA(V,¢) induces a
representation G — GSp,,,(4).

The following result gives a precise picture of how the n x n blocks of a matrix in the
symplectic group relate to each other. The following Lemma 2.20 follows from the definition
of GSp,,,(A) and is used implicitly in our proofs.

P P

LEMMA 2.20. Let A be a ring with 2 € A*. A matrix M =
P P

P, e M,(A) for1 <i <4, belongs to GSp,,(A) if and only if
P{P; and Py P, are symmetric; and P{P; — PiPy = A\(M)]I,.

) € GLa,(A), where
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Moreover, if M € GSp,, (A) and PiPy =0, then Py is upper (or lower) triangular if and only
if Py is lower (or upper) triangular.

3. Symplectic types and constructing idempotents

The first part of this section is about symplectic representations and their types [MQ26,
Definition 5.3]. This sets up notation to prove Proposition 1.5. In the second part, given
a residually multiplicity-free symplectic representation p: G — GSp,,,(Z,), we construct
orthogonal idempotents in Z,[G]/ ker p corresponding to a symplectic basis (see Corollary 3.17
and Theorem 3.14). Later in Section 4, we show that the simplicial complex formed by
G-stable vertices in the symplectic building lies in the apartment with respect to a symplectic
basis satisfying the conclusions of Theorem 3.14 (see Proposition 4.28).

3.1. Symmetry of symplectic representations. When working with a symplectic
representation, there is a symmetry on the set of its pairwise distinct irreducible factors
[BCO09, §1.8]. The first part of this subsection is to explain this symmetry precisely. Later,
we define symplectic types, as in [MQ26], and show that symplectic representations give rise
to symplectic types.

DEFINITION 3.1. Let K be a field, and let (R, 7) be an involutive K-algebra. Let ¢: R —
Endg (V) be a representation. Let V* := Homg(V, K). We define the representation
Yt R — Endg(V*) as follows: for all r € R, f € V*, v € V, we define

(1) (rf)(v) = f(r(r)v).

For a representation 1: R — M, (K), the representation 1+ = (¢ o 7)!

LEMMA 3.2. Letv: R — Endg (V) be a representation and let ¥+ : R — Endgx(V*) be the
representation on V* as defined in Definition 3.1. Then

(a) a subspace W of V' is R-stable if and only if (V/W)* is R-stable in V*,

(b) a subspace of V* is of the form (V/W)* for a subspace W of V.

In particular, ¥+ is irreducible if and only if 1 is irreducible.

PrOOF. We first prove (a). If W is an R-stable subspace of V', then (V/W)* is R-stable
by Eq. (1). For the converse, if we let W’ be the span of {¢)(r)w | r € R,w € W}, then for all
f e (V/W)*, f vanishes on W’. Since W C W’ and (V/W)* C (V/W’)*, using dimensions,
we see that W = W'. Hence W is R-stable.

We now prove (b). Given a subspace W of V* welet W ={v e V | f(v) =0forall f €
W}. By definition, we have W C (V/W)*. By another dimension count argument, one can
casily show that W = (V/W)*. O

The following lemma relates the Jordan-Hélder factors of 1 to those of 1.

LEMMA 3.3. Let V' be a vector space over a field K, (R, T) be an involutive K -algebra, and
let : R — Endg (V) be a representation with ¥ ~ 1y @ - - - @ 1y, where 1; is irreducible
forall1 <i<d. Then

W) = @ @Yy
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PROOF. When d = 1, the result is Lemma 3.2. Assume d > 2. There is a basis of V' with
respect to which ¢ is block upper triangular. That is, there exists @) € GL, (K) such that

Vi, k... %
TS
Vi,
For any r € R, we see that
i (r)
* L
L) = () = @ =) Q'
Therefore, we get (1) = @ - @ 7. O

Following [BCO09], we define the sign of an irreducible representation v such that 1 ~ ¢*.

LEMMA 3.4. [BCO09, Lemma 1.8.7] Let ¢v: R — M, (K) be an absolutely irreducible
representation such that ¥+ ~ . For any Q € GL,(K) such that v+ = QvQ~!, we have
Q'Q~ ' = e = +1. The sign € does not depend on the choice of Q and is called the sign of 1.

PROOF. Since ¢ ~ (¢)1)*, the proof follows by Schur’s lemma. O

REMARK 3.5. Let (R,7) be an involutive K-algebra, and let ¢: R — M, (K) be an
irreducible representation. It is an easy calculation to see that 1 is symplectic if and only if
W ~ 1t over K with sign —1.

PROPOSITION 3.6. Let ¢: (R, 7) — (M2, (K),7g) be a symplectic representation with
absolutely irreducible Jordan—Holder factors, and let 1y, ... 14 be the isomorphism classes of
the Jordan—Hélder factors of 1. There exists a involution o on I :=={1,2,...,d} such that

Yo(i) Vi foralli el

PRrROOF. Let Q € GLy,(K) be a skew-symmetric matrix such that ¥ = QyQ~!. Since
) and 9t are isomorphic, their semisimplifications are isomorphic. The result follows by
Lemma 3.3. 0

3.2. The symplectic extension graph is skew-symmetric. We are ready to prove
Proposition 1.5: the symplectic extension graph associated with an irreducible p-adic repre-
sentation is a skew-symmetric graph.

Let (V. ¢) be a symplectic Q,-vector space, p: G — GL(V, ¢) be a p-adic representation
admitting a G-stable primitive lattice (that is, a symplectic Z,-module of rank dim V'), and
let p1,..., pqg be the distinct isomorphism classes of absolutely irreducible residual factors of
p. By Proposition 3.6, there exists a involution o on {1,...,d} such that p,q) ~ pi.

PROOF OF PROPOSITION 1.5. For 1 < i # j < d, assume that there is an edge (p;, p;) in
FSSP. We need to show that (ps(), po(j)) is an edge in I’Ssp. Let A be a G-stable symplectic
vertex realizing the edge (p;,p;), and let Ay, Ay, and A3 by G-stable lattices such that
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pA C Ay C Ay C A3 C A and the subquotient As/Ai(= (As/pA)/(A1/pA)) is a nonsplit
extension p; by p;. We have the induced G-stable flag on the dual of A,

0 C Homy, (A/A3,F,) C Homg,(A/As,F,) C Homg, (A/A1,F,) C Homg (A, F,),

where the G-action given by py. If A} := Homg (A/A;,F,) for 1 <4 < 3, then the subquotient
A’ /Ay of A* is a nonsplit extension of p,@) by po(j) @s Ag/A; is nonsplit. Since g, ~ py by
Lemma 2.16, we see that A also realizes the edge (po(), po(j)) in FSSp. O

3.3. Symplectic group representations. We define symplectic (GMA) types as in
(IMQ26]. Let (V,¢) be a symplectic vector space over a field K with Char(K) # 2. Given a
symplectic multiplicity-free representation ¢: G — GLg(V, ¢), we show that it gives rise to
a symplectic type.

DEFINITION 3.7. [MQ26, Definition 5.3] Let [ = {1,...,d}. A symplectic type of dimension
2n is a data § = ((Io, I1, I5), 0, (n;)ier), where

(i) o: I — I is a permutation such that o2 = Id,
(i) I = IoU I, Uy, where Iy C I is the subset fixed by o, and o(I;) = I, such that o(i) > i
for all 7 € I,
(iii) n; is even for all i € I,
(iv) ngu =n, for all i € I,
(V) 2iermi = 2n.

EXAMPLE 3.8. When d = 2, we have two symplectic types. Let § = ((Io, I1, I2), 0, (n1,n2))
be a symplectic type of dimension 2n. If ¢ is trivial, then Iy = {1,2} and n;,ny are even by
Definition 3.7(iii). If o is nontrivial, then I; = {1} and n; = ny = n.

Let (V,¢) be a symplectic vector space over a field K with Char(K) # 2, and let
: G — GLg(V,¢) be a multiplicity free symplectic representation of a group G with
similitude character A\. Let ¢* ~ 1; @& --- @ ¥y and let ¢; be absolutely irreducible for
1<i<d. Let R= K|G] and 7: R — R be the K-linear involution such that 7(g) = A(g)g™*
for all ¢ € G. By Proposition 3.6, there exists a involution o on I = {1,...,d} such that
Yoy =i Let Iy ={i €I |o(i)=1i}, 1 ={i €I ]i<o(i)}, and let d; = #I;. Let n; be
the dimension of v; for all 7 € I.

PROPOSITION 3.9. The data § = ((Io, I1,0(11)), 0, (ni)icr) defines a symplectic type of
dimension 2n.

When v is the residual representation associated with an irreducible symplectic repre-
sentation over a local domain with residue field K, Proposition 3.9 follows from [BCO09,
Lemma 1.8.8]. Moreover, Proposition 3.9 is a special case of [M(Q26, Theorem 5.12]. Since
we are working over Z,, we give a simpler proof of Proposition 3.9. Our proof also works
for complete discrete valuation rings. The only thing left to prove is that n; is even for all
1 € Iy, which we prove by showing that p; is symplectic for all ¢ € I5. The rest of this section
is devoted to proving Proposition 3.9.
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PrOPOSITION 3.10. Let W be an irreducible G-stable subspace of (V,®) on which the
G-action is given by 1; for some i € I. Then W is either isotropic or symplectic. Moreover,
W is isotropic if and only if i & .

PROOF. Let W/ = {v € W | ¢(v,W) = 0} = W N W Since W is G-stable, W’ is
G-stable. Moreover, W is irreducible as a G-module implies that W’ € {0,W}. This shows
that W is either an isotropic or a symplectic subspace of (V, ¢).

Suppose that W is isotropic. By Lemma 2.7, there exists a basis of V' extending a basis
of W such that

77D = P P and JQ(nfm) 77Z} JQ(”*ni) - ¢L7
Py Py I,

where P is a square matrix of dimension n;, P is a square matrix of dimension 2(n — n;),
and other block matrices have suitable dimensions. From the latter equation, we see that
P3;=0o0n G, P, and Py are representations of G, and P, = ;. Since v is multiplicity free,
we see that ¢ & Iy. If W is symplectic, then the result follows by Proposition 3.11 below. [J

ProproOsSITION 3.11. Let0 =V, C Vi C --- CV; CV be a G-stable flag such that V;_;
is isotropic, and V;/V;_y1 is irreducible with the G-action given by 1; fori € {1,...,j}. Let
1 <k <j—1 be the least integer such that ¢(Vi x V;) # 0. Then o(k) = j.

PROOF. Let V) = {w € Vi | ¢(w,V;) = 0} =V, NV}, which is G-stable. We see that V]
contains Vi1 and Vj # V/ by hypothesis. Since Vi /Vi_; is irreducible as a G-module, we get
Vi = Vi1 Similarly, V) = V; N V9 is G-stable and V! =Vj_1. Thus, we have shown that the

induced pairing

¢: (Vie/ V1) x (V;/Vja) = K
is perfect. Therefore, ¢ induces an isomorphism between V/Vj_; and (V;/V,_1)* as G-
modules, where the G-action on (V;/V;_;)* is given by @Djl. This shows that 1), ~ @/Jj‘. O

Firstly, we prove Proposition 3.9 under the assumption that Iy = I.

LEMMA 3.12. Assume Iy = I. Then v is semisimple and n; is even for all i € Iy. Moreover,
there is a basis of V' with respect to which ¥ = .

Proor. We induct on d. The result holds for d = 1 since ¥ is irreducible and symplectic.
Assume d > 2. Let ¢, be a subrepresentation of ¢). Since k € Iy, there is a G-stable
symplectic subspace of V' on which the G-action is given by 1, by Proposition 3.10. This
implies n; is even. By Corollary 2.10, there is a basis of V' such that

[ = o, o, o
¢—< <p> and ( JM_”Z)?#( J%_m) =

The latter equation implies that * = 0 and JpJ~! = ¢*. By induction, ¢ is semisimple, and
n; is even for i € Iy — {k}. This proves the result. O
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The following result shows that a maximal G-stable isotropic flag has length d; in V.
This is the dimension of the simplicial complex of G-stable lattices in the symplectic building
(see Proposition 4.26).

ProOPOSITION 3.13. Assume Iy # I. There exists a mazimal G-stable isotropic flag
0O=VWWCcWC---CVy CV,

where the G-action on Vi /Vi_1 is given by ;, for all 1 < k < dy and Vi, # wf@ for all
1 < ki, ko < d.

PROOF. We first claim that V' has an isotropic G-stable subspace. Let W be an irreducible
G-stable subspace of V. If W is isotropic, then let V; = W. If not, then W is symplectic
by Proposition 3.10. By the proof of Lemma 3.12, if the G-action on W is given by 1);, for
19 € Iy, then there exists a subrepresentation ¢ of ¥ such that

wSS — (pSS + wlo

The claim now follows by induction on d by the assumption I # I.
Let

0=VcVic---cV,cV,

be a maximal G-stable isotropic flag where the G-action on Vi /Vj_; is given by v, , with
(. o iz, for all 1 < ky,ky < j. Let m =>_7_, n;,. By Lemma 2.7 for the above isotropic
flag, there exists a basis of V' such that
O * ok -1, —In !
’l/) = P1 P2 and J w J = wj‘_
Py Py I, I,

Since ¢ is invertible, the latter equation implies that P; = 0. Moreover, we see that
JPJ~!' = P and P, = ¢*. If j < d, then there is a subrepresentation ¢; ,, of P such that
ijr1 ¢ lo and vy, % Yif for any 1 < k < j. That is, there exists a G-stable subspace Vj 1 of
V/, containing Vj, such that G-acts on Vj1/Vj by v;,,,. Since i1 ¢ Iy, the subspace Vj is
isotropic in V' by Proposition 3.11. This contradicts the maximality of 5. Thus, j =d;. U

PrRoOOF OF PROPOSITION 3.9. Proposition 3.13 guarantees the existence of a maximal
G-stable isotropic flag in V. Let m = ), ; n;, and let {wy, ..., Wn, Vry1s -+ Uny V15 e ooy U
be a basis of V' as found in Lemma 2.7. With respect to such a basis,

-1

P x x -1, -1,
Y = ©  x and J P J =t
P+ I, I,

The latter equation implies JpJ ™' = pt. Since ¢ is symplectic with Jordan-Holder factors
of {¥s}ier,, @ is semisimple and n; is even for all i € I by Lemma 3.12. O
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3.4. Constructing idempotents. Let (Ao, ¢) be a symplectic Z,-module of rank 2n,
and let p: G — GLgz, (Ao, ¢) be a symplectic representation that is residually multiplicity free
with absolutely irreducible residual factors py, ..., ps. We make the following assumption in
this section.

(dist) There exists go € G such that p(go) has pairwise distinct eigenvalues.

In this section, we construct certain idempotents in Z,[G]/ ker p corresponding to a
symplectic basis of Ay. This is used later to show that every G-stable vertex in the symplectic
building lies in an apartment (see Proposition 4.28). We construct our idempotents in the
spirit of Urban [Urb01, Proof of Theorem 1.1].

We introduce some notation to state the result below. Let mg = Zie 1, i Fix a diagonal
embedding ¢: @er, My, (Fy) — My, (Fp). Let o be the composition of @;cp,p; with ¢, and
let JO = L((Jm)iélo)'

THEOREM 3.14. Let (Ao, ¢) be a symplectic Z,-module of rank 2n. Let p: G — GLg, (Ao, ¢)
be a symplectic residually multiplicity-free representation with absolutely irreducible residual
factors py, ..., pq. Assume that p satisfies (dist). Then there exists a basis of Ao with respect
to which

(a) p(go) is diagonal,
(b) for m; = Zieh n;,

P x x 0 0 —In 0 0 I,
b= 0o * and 0 Jo 0 pl 0 Jy O =p,
PL [m1 0 0 [m1 0 0
where
Piy * *
P = . * and 1k ¢ Io.
pidl

REMARK 3.15. When n = 1, the assumption (dist) is equivalent to p being multiplicity free
using trace-determinant relations [Bel19, 2.1.1].

We start with the following general lemma.

LEMMA 3.16. Let (Ao, ¢) be a symplectic Z,-module of rank 2n, M € GLgz, (Ao, ¢) with
eigenvalues {av, ..., aon} that are distinct modulo p, and let pAg C Ay C--- C A, CTAg bea
flag such that \;/pAg is isotropic and stable under M for all 1 < i < n. Then there exists a
symplectic basis {wy, ..., wp,v1,...,0,} of Ag such that

(a) Ai/pAo = (wy,...,w;) for 1 <i<n,

(b) M = diag(ay, ...,y ).

PROOF. Let us denote by V; the subspace A;/pAg of Ay for all 1 <4 < n. We induct on
n>1. Let n=1. If V| = (w), then Mw = a;w for some 1 < i < 2. Let w; € Ay such that
Muw, = ow;. Since ay # Ay, Wy = aw for some a € F7. Dividing by a, we can assume that
w, = w. For v; € V such that Mv; = a;v; and j # ¢, since ¢ is nondegenerate on Ag, we
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necessarily have ¢(vi,w;) # 0 mod p. By replacing v, by ¢(vi,w;) tvy, we get a symplectic
basis {wy, v} with respect to which the result holds.

Assume the result holds for m < n. Let 0 C V; C --- C V,, C Ay be an M-stable isotropic
flag. Let w; € V such that V; = (w;) and Mw; = o;,w; (the argument is same as in the
previous paragraph). Let {wy,w), ..., w’, v}, ..., v} be a symplectic basis of Ay, extending
a symplectic basis of Ay such that V; = (wy,w), ..., w!) for 1 <i < n. With respect to the

/

: / / /
basis {wy, ..., w.,vh, ... v, v},

Qi k1 *2 —1 -1
M = M x3 and M’ J M = \(M) J
*g o Qg 1 1

From the latter equation, %, = 0 and «;, o, = A(M). The aim is to choose an eigenvector
candidate for v] to ensure that, for all i € {1,2,3}, %; is trivial. Let v; € Ay be such that
Muvy = ay,v1. Let vy = aqywy + Y0, a;wi + > 0 bvi. We claim that by = ¢(vq,w,) and that
it is a unit in Z,. By our choice of vq, v; has eigenvalue &;,. If b = 0 mod p, then v, lies in
*1
M/
for some j # iy, which is a contradiction. Hence, b; € Z;. Dividing by by, we can assume
by = ¢(vy,wy) = 1. Let Wy = (wy,vy), and let Wy = Ag N Y. Since W, is M-stable, we see
that W5 is M-stable. Indeed, since MW; = Wy, we have

(b(MWQ, Wl) - ¢(MW2,MM71W1) - A(M)¢(W2, W1> =0.

a stable subspace of Ay on which the action is given by i . This implies &;, = @;

Moreover, W is seen to be a symplectic Z,-module of rank 2(n — 1). Let A; = {w —
o(v1,w)wy | w € A;}. Using the induction hypothesis on M|y, with respect to the flag
pWy C /~\2 C - C /~\n C Wy, we get a symplectic basis {ws, ..., wy, vq, ..., v,} of Wy with
respect to which A;/pWy = {w,, ..., w;} and M|y, is diagonal. Therefore, the required basis
is {wy, ..., Wy, v1,..., 0.} O

PrROOF OF THEOREM 3.14. By Hensel’s lemma, p(go) has eigenvalues in Z,, that are
distinct modulo p. Let Ay, ..., Ay, be Z,-submodules of A such that pAg C Ay C--- C Ay, C
Ay, and Ay /pAg is G-stable and isotropic in Ag for all 1 < k < d;. Let Wy = 0, W), = Ap/pAo,
and let the G-action on Wy /Wj_1 be given by p;, for all 1 < k < d;. Moreover, we can
extend the given G-stable isotropic flag to a G-stable flag

0=WoCWy C--- CWgy CWyy1 C-- CWapa, C Ao,

where the G-action on W, 41/Wa, 411 is given by p;, for every k € {1,...,do} and jj. € Io.
Since 0 C Wy C -+ C Wy, 44, C Ag is also p(go)-stable, we can consider a refined isotropic
flag 0 =V, Cc V4 C --- C V, C Ag such that W = Vgipaw, for all 1 < k < d;. There is a

symplectic basis {wy, ..., wp,v1,...,0,} of Ag with respect to which p(go) is diagonal with
eigenvalues distinct modulo p and V; = (wy,...,w;) for all 1 < i < n by Lemma 3.16. If
m = dim W}, then the required basis is {w1, ..., Wy, Vymits -« Vny V1, -+, U b O

Using the idempotents we construct in Corollary 3.17, we remark that Theorem 3.14 is
a version of [Bell9, Proposition 2.4.2 (iii)] over coefficient rings that are complete discrete
valuation rings with finite residue field.
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COROLLARY 3.17. Assume there exists a basis of Ay satisfying the conclusions of Theo-
rem 3.14. There exist orthogonal idempotents {e;}2", in Z,|G]/ ker p, and a fized-point-free
involution n on {1,...,2n} such that

(a) e14+ -+ e =1,

(b) Fori#mn(j), (e; +e;)Ao is isotropic in Ay,

(c) Forallie {1,...,2n}, e;Ag + ey Ao is a symplectic submodule of Ay.

Similar to [Urb01, Proof of Theorem 1.1}, we need the following classical result to prove
Corollary 3.17.

LEMMA 3.18. Let M = diag(a,...,q0,) € Gla,(Z,) such that o; # o mod p for all
1 <i#j <2n. The subalgebra of Ms,(Z,) generated by M is the diagonal matrices.

ProOF OoF COROLLARY 3.17. Fix a basis of Ay satisfying the conclusions of Theo-
rem 3.14. By renaming the p;’s, we can assume that Theorem 3.14 holds with i; = jfor1 < j <
d;. For 1 < i < 2n, there exists e; € Z,[G]/ ker p such that p(e;) = diag(0,...,0,1,0,...,0),
where 1 is in the i-th position, by Lemma 3.18. The fixed-point-free involution n on {1, ...,2n}
is defined such that

pleny) = p(es).
By our choice of idempotents and involution 7, the result follows. 0

4. Buildings

A Bruhat-Tits building is a simplicial complex that is a union of subcomplexes called
apartments, which are Coxeter complexes, and satisfies certain axioms [ABO08, Definition
4.1]. For connected semisimple linear algebraic groups over Q,, the buildings constructed
correspond to infinite Weyl groups, giving us Euclidean buildings that are CAT(0) metric
spaces [ABO08, Chapter 11]. In this section, we define the (Euclidean) Bruhat-Tits building
associated with GL,(Q,) and GSp,, (Q,) whose vertices correspond to homothety classes of
certain Z,-lattices.

Let (V,¢) be a symplectic Q,-vector space, and let p: G — GL(V, ¢) be a symplectic
representation that stabilizes a primitive lattice with residual factors py, ..., ps that are
pairwise nonisomorphic and absolutely irreducible. The simplicial complex YPGL formed by
G-stable vertices in the building associated with GL(V') is compact and bounded if and only
if p is irreducible, and has dimension d — 1 [Bel03, Proposition 3.2.1 and Proposition 3.3.2].

We study the subcomplex YPGSP of ypGL formed by vertices in the building associated
with GL(V, ¢), find its dimension (see Proposition 4.26), and, assuming p satisfies (dist),
we show that YPGSP lies in a sub-apartment of the building associated with GL(V, ¢) (see
Proposition 4.28).

The condition (i) # i for all 1 < i < d is equivalent to the existence of neighbouring
symplectic vertices in YPGSP (see Proposition 4.27). Under these equivalent assumptions,
if p is irreducible, then we can move between G-stable symplectic vertices and prove the
existence of such vertices on the boundary (see Proposition 4.35). The existence of symplectic
vertices in the boundary of ypGSp is equivalent to the existence of certain edges in I’Ssp (see
Proposition 4.34). This is used in the proof of Theorem 1.6.
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4.1. Building associated with general linear groups. Let IV be a Q,-vector space
and A be a lattice in V. The homothety class of A is {aA | @ € Q' } and is denoted by [A].
We define Bruhat—Tits buildings as a simplicial complex with homothety classes of lattices as
its vertices. This is not the most natural definition, but a useful one to visualize and work
with. For more equivalent definitions, see Abramenko-Brown [ABO08, Chapters 4, 5, 6].

DEFINITION 4.1. Let V' be an n-dimensional Q,-vector space. The Bruhat-Tits building
associated with GL(V) is the following simplicial complex denoted by X,,.

(1) A vertex (0-simplex) is a homothety class of a lattice in V.
(2) An edge (1-simplex) between vertices x1, x5 of X, exists if there are representatives
A and A, for z; and x5 respectively, such that

pA1 - AQ - Al.

Such an x4 is called a neighbour of z; in A,.
(3) An m-simplex in &, is given by (m+1)-vertices z; = [A;] for all 0 < i < m, satisfying

pNo C A, CA, 1 C--- CAy CAy.

REMARK 4.2.

(a) The neighbour relation is symmetric: If ' is a neighbour of x, then x is also a neighbour
of 2’. To see this, choose representative lattices A and A’ of x and 2z’ respectively, such
that

pA C AN CA.

This implies that p(p™'A’) € A C p~'A’. Thus choosing the new representative p~*A’ for
x’, we see that x is a neighbour of 2.

(b) The neighbours of a vertex [A] in X, are in one-to-one correspondence with the proper
[F,-subspaces of A/pA. For a neighbour [A’] of [A] such that pA C A’ C A the associated
proper F,-subspace is A’/pA.

EXAMPLE 4.3. Let V be a Q,-vector space of dimension 2. The building &5 is a (p + 1)-
regular infinite tree. Let p: G — GL(V) be an irreducible representation that admits a
G-stable lattice. Suppose that p is residually reducible and is given by two distinct characters
x1 and xs. The subcomplex YpGL of X5 formed by homothety classes of G-stable lattices is a
finite tree [Bel03, Proposition 3.2.1]. The two end vertices of YPGL realize the two edges in
the graph T'".

4.2. Building associated with general symplectic groups. We define the Bruhat-
Tits building associated with symplectic groups analogous to Definition 4.1 (also see [Gar97,
Chapter 20]). We start by defining symplectic and primitive lattices in symplectic Q,-vector
spaces. The vertices in the symplectic building are either homothety classes of primitive
lattices, or neighbours of such primitive vertices in Xs, that correspond, under Remark 4.2(b),
to an isotropic subspace.

Let (V, ¢) be a symplectic vector space over Q, of dimension 2n. Given a basis {e1, ..., €2, }
of V., we write (ey, ..., eq,) for its Z,-span. Let A be a lattice of V. There exists an integer
k € Z such that ¢(A x A) = p*Z,. Indeed, if A = (ey,...,ea,), then k is the minimum of
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the p-adic valuations of ¢(e;,e;) for 1 < i,j < 2n. Let A = A/pA, and for v € A, let ¥
denote the element v + pA in A. Define the bilinear form ¢p: A x A — F, by ¢ (v, w) =
d(v,w)p~* mod p, for all v,w € A. Since ¢(pA x A)p~* = ¢(A x pA)p~™" = p*p~*7Z, = pZ,,
the map ¢, is well defined. Moreover, ¢, is alternating as ¢ is alternating.

DEFINITION 4.4. A lattice A of V is symplectic if ¢, is a symplectic pairing on A. A
symplectic lattice A is primitive if (A x A) = 7Z,.

As remarked in Section 2, in this section we prove that if a Z,-lattice A in a symplectic
Q,-vector space (V, ¢) is primitive, then (A, ¢|axa) is a symplectic Z,-module of rank dim V'
(see Corollary 4.12).

PROPOSITION 4.5. Let {wy, ..., wy,v1,...,0,} be a symplectic basis of V. The lattice

— ai an b1 bn,
A_<p Wwi,...,p "Wp,p V1,...,P Un>

is symplectic if and only if a; +b; = a; +b; for all 1 <1i,j <n. Moreover, A is primitive if
and only if a; +b; =0 for all 1 < i < n.

PROOF. Let k = min{a; +b; | 1 <i <n}. Since {wy,...,wy,,v1,...,v,} is a symplectic
basis, we observe that ¢(A x A) = p*Z,. Moreover, for any 1 < i < n, the element w; pairs
trivially with all the elements of the basis except v;. If a; + b; > k for some 7, then p*w; is

such that
d(p“iw;, pv;) = 0 mod p**!,
This implies that the alternating form ¢, on A is degenerate. Hence, if A is symplectic, then
a; +b;=Fkforalll <i<n.
For the converse, let a; + b; = k for all 1 < i <n. Then

$(p™wi, pv;) = p*dy;, forall 1 <i,j<n.

Since ¢(w;, w;) = ¢(v;,v;) = 0 and ¢(w;, v;) = &;; for all 1 <4, j < n, it follows that ¢, is
given by J with respect to the basis {p™w, ..., p* wy, p®v, ..., p"v,}. This shows that A
is symplectic. Since ¢(A x A) = p*Z,, we see that A is primitive if and only if k = a; +b; = 0
forall 1 <i<n. O

DEFINITION 4.6. Let (V,¢) be a 2n-dimensional symplectic Q,-vector space. The Bruhat-
Tits building associated with GLq, (V, ¢) is the simplicial complex denoted by A, (V, ¢) defined
by the following properties.

(1) A vertex (0-simplex) is either a homothety class of a primitive lattice, or a homothety
class with a representative A such that there is a primitive lattice Ay such that

pNog C A C Ay

and the subspace A/pA, is an isotropic subspace of Ag.
(2) An edge (1-simplex) between vertices 1, xo in A, exists if there are representatives
A and A, for x; and x5 respectively, and a primitive lattice Ay such that

pAo € Ay, Ay C A,
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A;/pA is isotropic for i € {1,2}, and either A; C Ay or Ay C Ay. Such a pair z7, x9
is said to be neighbours in A,

(3) An m-simplex in A, is given by (m + 1)-vertices z; = [A;] for 0 < i < m where Ay is
a primitive lattice, and

pAo CAy C Ay C---CA,, CAy,

where A,,/pAy is isotropic. We denote such an m-simplex by [z, . . ., Z,;,]. A maximal
simplex is called a chamber.

(4) The dimension of an m-simplex is m. The dimension of A, is the dimension of a
chamber inside it.

We note that a vertex in A, (V, ¢) is by definition a primitive lattice or a neighbour of a
primitive lattice. For convenience, sometimes we write A,, for A, (V, ¢).

LEMMA 4.7. The dimension of A, is n.

PROOF. Let A be a primitive lattice. Since a chamber containing [Ag] in A,, corresponds
to a maximal isotropic flag in Ag, the dimension of a chamber in A,, is the dimension of a
Lagrangian subspace of Ag. Such a Lagrangian subspace has dimension n by Lemma 2.11. [

If A is a symplectic lattice, then the symplectic F)-vector space (A, ¢5) only depends on
the homothety class [A]. We note that not all vertices in A,, correspond to symplectic lattices
(see Example 4.9). This motivates the following definition.

DEFINITION 4.8. A symplectic (primitive) vertex in A, is the homothety class of a symplectic
(primitive) lattice.

It is also common to call a primitive vertex a hyperspecial vertexr, and a nonprimitive
symplectic vertex a special vertew.

EXAMPLE 4.9. Let {wy,wsy,v1,v2} be a symplectic basis of Qé. For integers aq, as, by, b,
let [ay,as,bi, bs] denote the homothety class [(p™ w1, p2ws, p* vy, p2v5)]. The shape of the
1-ball around [0,0,0,0] in A, is seen in Fig. 1. Each dashed line represents an edge between
symplectic vertices.

Symplectic vertices and their neighbours. Let (V, ¢) be a symplectic vector space over Q,
of dimension 2n. Let x be a symplectic vertex in A,, and let y be its neighbour in A,,. By
definition, there exists representative lattices A and A’ of x and y respectively, and a primitive
lattice Ag such that pAg C A/, A C Ag with A’ C A or A C A’. We show in this section that
A/pAy is a Lagrangian subspace of Ag/pAg (see Corollary 4.14). Therefore, we must have
pA C A" C A. Moreover, one can show that A’/pA is isotropic in A/pA (for example, using
Proposition 4.13).

We start with some basic properties of primitive lattices in a symplectic vector space.
Using this, we show that primitive lattices are symplectic Z,-modules (see Corollary 4.12).
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FIGURE 1. 1-ball around [0, 0,0, 0].

PROPOSITION 4.10. Let A be a primitive lattice of V. Let wy, vy € A such that ¢(vy,wy) =1,
Ay = (w1, v1) be the Zy,-span of {w1,v1}, and let Ay = AY N A. Then A = Ay @ Ay. Moreover,
Ay is a primitive lattice of Ay ® Q, with respect to the symplectic form induced by ¢.

PROOF. Since ¢(AxA) =7Z,, for any w € A, the element @ = w+¢(w, v1)w; —d(w, wy)vy
lies in Ag. Hence, A = A; + Ay. Moreover, Ao N A; = 0 since A; is a symplectic submodule of
A. This shows that A = A; @ As.

We claim that the symplectic vector space A decomposes as

A= (A1 +pA)/pA @ (A2 + pA)/pA.

Indeed, if v = v + vq, for v1 € A; and vy € Ay, then © = 0y + Uy = (v — pw) + (V2 + pw).
This proves that the two spaces span A. To prove the above direct sum decomposition, we
show that (A; 4+ pA) N (Ag + pA) = pA. Let vy € A; and vy € Ay such that vy + pv = ve + pw
lies in the intersection (A; + pA) N (Ag + pA). Since A = A; @ Ay, there exists wy € Ay and
wy € Ag such that v; — ve = p(w — v) = pwy — pwsy. Since Ay N Ay = 0, we see that v; = pw;
for i € {1,2}. This proves the claim.

We show that A, is a primitive lattice. Since ¢(v1,w1) = 1, we see that (A; + pA)/pA is
a symplectic subspace of A. We see that (A + pA)/pA is also symplectic by Corollary 2.9.
If p(Ay x Ay) C pZ,, then ¢y = 0 on (Ay + pA)/pA. This proves that ¢(Ay x Ay) = Z,,.
We only need to show Ay = Ay/pA, is a symplectic vector space. Let w € Ay such that
d(w, Ay) C pZ,. Since Ay +pA = Ay +pA; and ¢(Ag x Ay) = 0, we have ¢p(w, Ay +pA) C pZ,.
Thus, the element w € pA as A is symplectic. Let wy € Ay such that w — pws € pA;. Since
w,we € Ay and Ay N Ay = 0, we must have w = pws € pA,. This proves the result. O

LEMMA 4.11. Let (V,¢9) be a 2n-dimensional symplectic Qy,-vector space and let Ay be a
primitive lattice in V. A symplectic basis of Ao can be lifted to a symplectic basis of Ag.

PRrROOF. We induct on n. By Proposition 2.5, the residual symplectic vector space A
has a symplectic basis; say {w1, ..., Wy, 01,...,0,}. Let wy; and vy be a lift of w; and vy,



24 ANIRUDDHA SUDARSHAN

respectively, in Ag. Since ¢(vi,w;) = 1 mod p, by replacing v; by ¢(vy,w;) tvy, we can
assume that ¢(vy,wy) = 1. Let Ay = (wy,vy), and let Ay = Ag N AJ. The lattice Ay is
primitive in Ay ® Q, by Proposition 4.10. Moreover, for a lift w € Aq of w € {w;, v;}},, we
see that w lies in Ay and lifts w, as ¢(w,v1) = ¢(w,w;) = 0 mod p. Therefore, there exist lifts
of elements of {w;, v;}! , in Ay. Since the dimension of Ay ® Q, is 2(n — 1), by the induction
hypothesis, there is a symplectic basis {ws, ..., w,, ve,...,v,} of Ay lifting the symplectic
basis {ws, ..., Wy, Vs, ..., 0, }. Therefore, the symplectic basis {wy, ..., wy,v1,...,v,} for Ag
lifts our given symplectic basis of Ag. 0

The following corollary is immediate by Lemma 4.11.

COROLLARY 4.12. A Z,-lattice in (V,¢) is primitive if and only if it is spanned by a
symplectic basis. In particular, if A is primitive, then (A, daxa) is a symplectic Z,-module.

The following result ensures that every m-simplex in A,, is contained in an apartment
(see Definition 4.19) of A,,.

PROPOSITION 4.13. Let Ay be a primitive lattice in V' and let Ay, ..., Ay, be lattices such
that pAg C Ay C -+ C A,y C Ao and the subspace A,,/pAo is isotropic in Ag. For all
1 <i<m, let k; = dimg, (A;/pAo). There exists a symplectic basis {w1, ..., Wy, v1,...,0,}

of Ay such that
Ai = <U)1, coy Weyy PWEs+15 - - -, PWn,y PUL, - - 7pvn>-

PROOF. Let V; = A;/pA¢ for 1 < i < m. By Proposition 2.12, there is a symplectic basis
{wy,..., Wy, 0y,...,0,} of Ag such that {wy,...,wy,} spans V; for all 1 <+i < m. There is
a symplectic basis {wy, ..., w,,v1,...,v,} of Ay such that w; lifts w; for all 1 < i < n by
Lemma 4.11. For all 1 <7 <m, let

‘/i/ - <w17 sy Wy, PWE 5 - - -, PWh, PUT, - pvn>/pA0
Since dimg, V;' = k; and V/ C V;, the result follows. O

We can now characterize symplectic neighbours of a primitive vertex [Ag] in A,,.

COROLLARY 4.14. Let Ay be a primitive lattice in V' and let A be a lattice such that
pAo C A C Ay and A/pAg is an isotropic subspace of Ag. The lattice A is symplectic if and
only if A/pAq is Lagrangian.

PROOF. By Proposition 4.13, there exists a symplectic basis {wy, ..., w,,v1,...,0,} of
Ag such that
A= {(wy,..., W, PWsi1,...,PWy,PVL, ..., PU).
It follows that A is symplectic if and only if s = n by Proposition 4.5. U

COROLLARY 4.15. A chamber in A,, contains exactly one primitive vertex and exactly one
special vertez.

PROOF. By definition, a chamber in A, contains a primitive vertex zq. Let [z, ..., 2,]
be a chamber. Choose representative lattices A; for x; for all i € {0,...,n} such that A is
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primitive, and pAg C A; C --- C A, C Ag. This implies that A, /pAg is Lagrangian in A,.
The lattice A,, must be symplectic with ¢(A,, x A,,) = pZ, by Corollary 4.14. O

COROLLARY 4.16. Let z,x" be neighbouring symplectic vertices in A,. Then one of x or x'
15 represented by a primitive lattice.

PRrROOF. Let A and A’ be representatives of x and z’ respectively, and Ay be a primitive
lattice such that pAg € A’ C A C Ay and A/pAy is isotropic. Then by Corollary 4.14, either
A,:pAO OI'A:A(). ]

PROPOSITION 4.17. Let x be a special vertex in A,,. There exists a primitive vertex xo € A,
such that x and xy are neighbours in A,,.

PROOF. Since x is a special vertex, we can find a representative lattice A for x such that
d(AxA) = pZ,. Since x is symplectic, there is a Z,-basis {wy, . .., wy, vy, ..., v, } of A that lifts
a symplectic basis of A; that is, we have ¢(v;, w;) = p for all 1 <i < n, ¢(v;,w;) = 0 mod p?
for all 1 <i+# j <n, and ¢(v;,v;) = ¢(w;, w;) = 0 mod p? for all 1 < i, j < n. Let Ay be the
Zy-span of {wy, ..., w,,p~tvy,...,p v, }. We see that pAg C A C Ag and ¢(Ag X Ag) = Z,
since ¢(wy,p~tv;) = 1. We only need to show Ag is symplectic. Let wy € Ag such that
P(wo, w) = 0mod p for all w € Ag. If wo =D asw; + > bip~ v, then

a; = ¢(we,p ;) =0mod p and  b; = ¢(wp, w;) = 0 mod p,
for all 1 <1 < n. This shows that wg € pA,. O

We can characterize symplectic neighbours of symplectic vertices in A,, by Proposition 4.17
and Corollary 4.14.

COROLLARY 4.18. Let x = [A] be a symplectic vertex such that ¢(A x N) € {Z,,pZ,}. Let
y = [A'] be a neighbour of x in A, such that pA C A" C A. Then y is symplectic if and only
if N'/pA is Lagrangian in A.

PRroOOF. If A is primitive, then the result is the same as Corollary 4.14. Let A be
symplectic with ¢(A x A) = pZ,. Let B be a symplectic basis of A extending a basis of A’/pA.
We can lift B to a basis {wy, ..., w,,v1,...,v,} of A. By the same argument as in the proof
of Proposition 4.17, the lattice Ag = (p~twy,...,p  wy, v1,...,v,) is primitive. Moreover,
we see that pA C A" C pAg C A C Ag. Since pAg/pA is spanned by the images of wy, ..., w,
in A, it is Lagrangian in A. Since pAg C p~'A’ C Ay, the vertex y is symplectic if and only if
A" = pAg by Corollary 4.14. Thus, y is symplectic if and only if A’/pA is Lagrangian in A. [

Apartments and sub-apartments in the symplectic building. A building is a union of
apartments, which are much simpler to work with. Crucial to our proof of the main theorem
is showing that every G-stable vertex in A, lies in a single apartment (see Proposition 4.28).

Let (V. ¢) be a symplectic Q,-vector space of dimension 2n. Using [Set08, Lemma 1.3.5],
we define apartments in the building A,,.

DEFINITION 4.19. An apartment in A, = A,(V, ¢) corresponding to a symplectic basis
B =A{wy,...,wy,v1,...,0,} of (V,¢) is the simplicial complex ¥ = 3(B) formed by vertices
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in A,, of the form
[(p™wy, . .. ,pa"wn,pblvl, .. ,pb”vn)],

where a;,b; € Z for all 1 < i < n. We denote such a vertex in 3 by [ay,...,a,,b1,...,by].

REMARK 4.20. Let X be an apartment in A,, corresponding to a symplectic basis of V.
Let zy = [0, ..., 0] be the origin of X. For all 0 <1i < n, we let z; =[0,...,0,1...,1] where
the number of zeros is i. We call the chamber [z, 21, ..., x,] around xy as the fundamental
chamber in ¥. Translating the fundamental chamber by the action of the affine Weyl group
of GSp,,,(Q,), we obtain ¥. For an example, see [She07, Example 2.3].

Let ¥ be an apartment of X, with respect to a symplectic basis of V. Not all vertices
of the form [ay,...,a,,b1,...,b,] € X correspond to vertices in A,,. For example, when
n = 2, the vertex [0,1,0,1] is not a vertex in Ay. By Proposition 4.5, we know the
characterization of symplectic vertices in . The following result gives a criterion for when a
vertex [aq,...,an, b1, ..., b, belongs to A,.

LEMMA 4.21. [Set08, Proposition 1.3.4] Let ¥ be an apartment in Xy, corresponding to a
symplectic basis of V. A vertex y = [a1,...,an,b1,...,by] € Ay if and only if there exists an
m € Z such that a; + b; +2m € {1,2} for all 1 <i < n.

We define sub-apartments of A, analogous to [Bel03, §2.2]. Let P = {B;}9_, be a
partition of {1,...,2n}, and let
73 ={(ar,...,as,) € Z*" | a; = ay for any i,i’ € B;}.
We define a bijective mapping
(2) 73— 7% (ay,...,a,) = (b1, ..., ba),

where a; = b; for all © € B;.

DEFINITION 4.22. A sub-apartment of an apartment ¥ in A, is a subcomplex of ¥ that,
under Eq. (2), corresponds to an apartment in A,, for some m < n. The dimension of the
sub-apartment in this case is m.

We say a subcomplex ¥/ of ¥ is contained in an apartment of A,, if ¥’ is contained in a
sub-apartment of dimension m.

Let B be a fixed symplectic basis of V', and let > be the corresponding apartment in A,,.
Let Xp be the subcomplex of 3 whose vertices have representative in Z%'. Under further
assumptions on P, we show that Xp is a sub-apartment of ¥ in A,,.

LEMMA 4.23. Let B ={wy,...,w,,v1,...,0,} be a symplectic basis of V', and let
(€1, .y €9n) = (W1, .oy Wy, U1, .o, Up).
Let I ={1,...,d}, and let P = {B,}jer be a partition of {1,...,2n} such that
(1) there is an order 2 permutation o on I;

(2) for all k # o(j), the subspace spanned by {¢;}icp,uB, is isotropic;

(3) for all j € I, the subspace spanned by {€;}icp,uB,;, is symplectic.
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Let Iy ={jel|j=c()}, L={j€l]j<o(y)}, and let ds = #I for all s € {0,1}.
Then the subcomplex Yp is a sub-apartment of the ¥ of dimension dy + d;.

PROOF. Since B; U By(;) is symplectic, i € B; if and only if n + i € B,(;. For each
J € IgU1y, there exists 1 < i; < n such that {¢;,, €,44, } spans a symplectic subspace of V. Let
V’ be the symplectic subspace of V' generated by B’ = {¢;,, ..., €iggray > Entins - - - ,enﬁdﬁdl}.
By definition, ¥p is the subcomplex of 3 whose vertices are of the form [aq, ..., as,] with
a; = b; for all i € B;. Let us define the map

Z?;n — Z2(d0+d1), [al, C ,agn] — [bl, ey b2(d0+d1)]-

We see that b; + by(jy = a; + any; for any @ € B;. We see that [by, ..., bogytra)] € Ddgta; if
and only if [aq, ..., as,] € A, by Lemma 4.21. This shows that ¥p is a sub-apartment of >
of dimension dy + d;. O

REMARK 4.24. We elaborate on the hypothesis of Lemma 4.23 by providing an example
where it holds. Let p: G — GL(V¢) be a symplectic p-adic representation that stabilizes a
G-stable primitive lattice, and with residual factors py, ..., pg that are absolutely irreducible
and pairwise nonisomorphic. Let I = {1,...,d}. We show later that there exists a symplectic
basis B of V' with respect to which every G-stable lattice in A, lies in the apartment
¥(B) and is of the form [ai, ..., as,] (see Proposition 4.28). Moreover, if Ay = [0,...,0],
then the residual representation p,  is block-upper triangular with respect to a basis as in
Theorem 3.14. Since p; is irreducible for all j € I, there exists a partition P = {B;}es
of {1,...,2n}, satisfying the hypothesis of Lemma 4.23, such that for all j € I and for all
i,k € Bj, we have a; = ay.

4.3. Simplicial complex formed by stable vertices. Let (V,¢) be a symplectic Q,-
vector space of dimension 2n, A,, denote the Bruhat—Tits building associated with GL(V, ¢),
and let p: G — GL(V, ¢) be a symplectic representation that stabilizes a primitive lattice
in V. Assume that p is residually multiplicity free, with residual factors py, ..., pg that are
absolutely irreducible. Let I = {1,...,d}, and let n; be the dimension of p; for all i € I.

DEFINITION 4.25. Let SESP be the set of G-stable vertices in A,,. Let YPGSP be the simplicial
subcomplex formed by these vertices in A,,. The dimension of YPGSP is defined to be the
dimension of the maximal simplex contained in YpGSp.

Let o be the involution on I such that p,q) ~ pi, Iy ={i € I | o(i) =i}, [ = {i €
I'|i<o(i)}, and let dy = #1.

PROPOSITION 4.26. The dimension of YPGSP is dy.

PROOF. Let Ay be a G-stable primitive lattice. If d; = 0, then p,  only has symplectic
G-stable subspaces. This means that [Ag] does not have any neighbours in SESP. This implies
that dim ypGSp =0=d;.



28 ANIRUDDHA SUDARSHAN

Let d; > 1. There exists a maximal G-stable isotropic flag in Ay by Proposition 3.13.
That is, there exists lattices Aq,..., Ay, such that

pAo C Ay C--- C Ay C Ao,
such that Ag, /pAg is isotropic in Ag. This proves the result. O

Moving between stable symplectic lattices. Let p: G — GL(V, ¢) be a symplectic represen-
tation such that V has a G-stable primitive lattice. Suppose that p is residually multiplicity
free and has residual factors py, ..., pg that are absolutely irreducible. Let I = {1,...,d}
and Iy ={iel|o(i) =1}

In this section, we show the equivalence of the necessary assumption [y = @ (for Theo-
rem 1.6) and the existence of G-stable symplectic neighbours. The latter condition is crucial
to our method of proof.

PROPOSITION 4.27. There exist G-stable symplectic neighbours in A, if and only if Iy = &.

PRrROOF. Let [A] and [Ag] be G-stable symplectic neighbours in A,,. Without loss of
generality, we can assume that Ag is primitive and pAg C A C Ay by Corollary 4.16. By

Corollary 4.14, A/pAo is a Lagrangian subspace of Ay. By Lemma 2.11, there exists a basis
of Ay such that

— * — - —

This implies that 1)’ = ¢+, and that I, = &, since Pa, has distinct residual factors.

We prove the converse by using Proposition 4.26. If Iy = &, then d = 2d; is even and
the dimension of ypGSp = d;. For a GG-stable primitive lattice Ag, there exists an isotropic
G-stable flag

0=V CViC---CVy CAy.

We see that Vj, is a Lagrangian subspace of A, since

d1 d d d1
2dim Vy, = QZdim(V;/Vi_l) = 22”1‘ = an + an(i) = 2n.
i=1 i=1 i=1 i=1

The G-stable Lagrangian subspace Vy, of Ay corresponds to a G-stable symplectic neighbour
of Ay by Corollary 4.14. O

Contained in an apartment. Let p: G — GL(V,¢) be a residually multiplicity free
symplectic representation stabilizing a primitive lattice in V. Let pq, ..., pq be the absolutely
irreducible residual factors of p, I = {1,...,d}, and o: I — I defined by p,;) >~ p;-. Let
Iy={iel|o@) =i}, h={iel|i<o(i)}, and let d; = #I; for 0 < j < 1.

There exists a basis of V' with respect to which ypGL is contained in the associated (d —1)-
dimensional apartment in X; [BGO06, Proposition 3.1.1]. In this section, using Corollary 3.17,
we show that ystp is contained in an apartment of A,,. Moreover, using Lemma 4.23, we
show that YpGSp is actually contained in a sub-apartment of dimension dy + d;.

PROPOSITION 4.28. Let p: G — GL(V, ¢) be a residually multiplicity-free symplectic p-adic
representation that stabilizes a primitive lattice. If there exists a basis of V' satisfying the
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conclusions of Theorem 3.1/, then YPGSP is contained in a sub-apartment of A, of dimension
do + dy.

PRrROOF. The strategy is the same as in [BGO06, Proposition 3.1.1]. Let Ay be a G-
stable primitive lattice. Let R = Z,[G]/ ker p. By hypothesis, there exists a basis B of Ag
that satisfies the conclusions of Theorem 3.14. By Corollary 3.17, there exist orthogonal
idempotents {e;}?"; C R, and a involution 1 such that (a), (b), and (c) of Corollary 3.17
hold. We see that Ag = @12:1 ei\o by Corollary 3.17 (b). By [BGO06, Lemma 3.1.3], any
G-stable lattice A C Ay is of the form A = @1221 p%i(e;\g) for some integers ay, ..., ag,.
Let By be a symplectic basis of Ay formed by permuting elements of B. By (b) and (c) of
Corollary 3.17, there exists a symplectic basis of Ay such that any G-stable lattice A C Aq is
given by [ay,. .., as,], for some integers ay, ..., as,. This shows that ypGSp is contained in
the apartment of A, corresponding to By.

To prove that ypGSp is contained in a sub-apartment of dimension dy + d;, we use
Remark 4.24. Let P = {B;}9_, be the partition of {1,...,2n} such that the idempotent
€ = > . B, €i corresponds to the residual factor p; in the following sense: the map R —

e;Re; Lo, My, (F),) is given by

i p;(r)

0

With respect to the permutation o on I such that py(;) ~ ij, the hypothesis of Lemma 4.23
is satisfied, and the result follows. O

Jordan—Hélder colouring. Let p: G — GL(V') be a p-adic representation that is residually
multiplicity-free with absolutely irreducible factors py,..., pg. Let prL be the subcomplex
formed by G-stable vertices in the building A%, associated with GL(V'). We define the Jordan—
Holder colouring on the edges in .*" as in [Bel03]. For a representation ¢: G — GL,(F,),
we let JH(¢) be the sum of the irreducible factors of ¢ (with multiplicities) viewed as an
element of the Grothendieck group of F,[G].

DEFINITION 4.29. [Bel03, §3.4.2] Let 2 = [A] € S¢*, and let y = [A’] be a neighbour of x
in SF" such that pA € A’ C A. We let JH(z,y) := JH(A'/pA).

For z, x5 € SEL that are neighbours in Xs,, we have JH(xo, z1) + JH (21, 29) = Zle Pi
[Bel03, Proposition 3.4.3 (c)]. Suppose now that p: G — GL(V,¢) is symplectic and
residually multiplicity-free. The above colouring on the edges in YPGL restricts to a colouring
on the edges of VPGSP. For a symplectic vertex x € SESP, and y € S/?Sp neighbour of z in A,,,
there exists {&;}%, C {0,1} such that &; + e, < 1 for all i € I, and JH(z,y) = Y0, €ips.
The condition &; + €,(;) < 1 is equivalent to the subspace corresponding to y being isotropic.
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EXAMPLE 4.30. If Iy = @, then we have 2%1-colourings of edges between G-stable symplectic
vertices. When d; = 1, we have the following two colourings:

AN
AN

P1 P1

In the above diagram, e denotes a symplectic G-stable vertex

We end this section with a crucial result of [Bel03] that is used in the next section to
prove the existence of symplectic vertices in YPGSP with no edges of a specific colour. Before
we state the result, we define when two edges are parallel in an apartment. Let ¥ be an

apartment with respect to a basis in Xy, and let x; = [agi), . ,ag] for 1 <i < 4. The edge

(1, x9) is parallel to (xs,x4) if a§.2) - agl) = a§4) — af’) forall 1 < j < 2n.

PROPOSITION 4.31. [Bel03, Propositions 3.4.3 (a) and 3.4.4]. Let 3 be an apartment in
Xy, containing ypGL. Let x,y,x',y € SE’L such that x,y and x',y" are neighbours in Xs,.
Then JH(z,y) = JH(2', ') if and only if the edges (x,y) and (2',y') are parallel in X.

Neighbours and extensions. In this section, we show the existence of certain edges in the
symplectic extension graph associated with an irreducible symplectic p-adic representation.
This is used crucially in our proof of Theorem 1.6.

THEOREM 4.32. Let p: G — GL(V, @) be an irreducible symplectic p-adic representation that
admits a G-stable primitive lattice and with absolutely irreducible residual factors py, ..., pq.
Let I ={1,...,d} and let o be the involution on I defined by po(;) =~ pi foralli € I. Assume
p satisfies (rmf) and (dist), and that o(i) # i for alli € 1. Given integers €; > 0 for all
i € I such that €; + e, < 1, there exists a symplectic vertex x = [A] € SE’SP such that A/pA
admits a nonsplit extension of p; by p;, satisfying e; =1 and €; = 0, as a subquotient.

We start with a result on the existence of triangles in YPGSP with two symplectic vertices.

LEMMA 4.33. Let p: G — GL(V,¢) be a p-adic symplectic representation that admits
a G-stable primitive lattice, satisfies (rmf), and let py,...,pq be its absolutely irreducible
residual factors. Let I = {1,...,d} and assume that o(i) # i for alli € I. Let x € SESP be a
symplectic vertex and let y € SSL be a neighbour of x such that JH(x,y) = >, ., €ipi. Then
gi + o) < 1 for all i € I if and only if y is a neighbour of x in A,. If y is a neighbour
of x in A, then there exists a symplectic verter z € SSSP neighbouring r and y such that

JH(z, z) = JH(x,y) + JH(y, 2).

PROOF. Let x = [A]. We see that y corresponds to a G-stable isotropic subspace A’/pA of
A/pA if and only if €; + €,y < 1 for all 4 € I by Proposition 3.11. If A’/pA is isotropic, then
it is contained in a G-stable Lagrangian subspace A”/pA of A/pA by Proposition 4.26. This
Lagrangian subspace of A/pA corresponds to a symplectic neighbour z of = by Corollary 4.18.
Since pA C A’ C A” C A, by definition it follows that JH(z, z) = JH(z,y) + JH(y, 2). |
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The nonexistence of G-stable neighbours in YPGL with a certain JH-colouring is equivalent

to the existence of certain edges in FSL by [Bel03, Proposition 3.4.5]. We have the following
analogue in our setting:

PROPOSITION 4.34. Let x € S7P and let A be a symplectic lattice such that z = [A]. For
all v € 1, let g5 > 0 be an integer such that €; + €, < 1. The following statements are
equivalent:

(a) There does not exist a neighbour y € S5 of x such that JH(z,y) = >, €ip;.

(b) A/pA admits a nonsplit extension of some p; by p; with ¢; =1 and £; = 0.

PROOF. Suppose (a) is false. Then there exists neighbour y of z in S,(fsp such that
JH(z,y) = Y., €ipi- Since y is also a neighbour of z in SF&, (b) is false by [Bel03,
Proposition 3.4.5]. This shows that (b) implies (a). Suppose (b) is false. Then every
subquotient of A/pA that is an extension of p; by p; with ¢; = 1 and ¢; = 0 is split. There
exists a neighbour y € S5 of « such that JH(x,y) = Y., €:p; by [Bel03, Proposition 3.4.5].
Since €; +€4(3;y < 1, the G-stable subspace of A corresponding to y is isotropic by Lemma 4.33.
That is, y € SF5P. This implies that (a) implies (b). O

The final ingredient in proving Theorem 4.32 is the result that guarantees the existence
of symplectic vertices with no edges of a specific colour.

PROPOSITION 4.35.  Assume that p is irreducible, satisfies (rmf) and (dist), and that Iy = &.
For alli € I, let e; > 0 be an integer such that €; + €,y < 1. There exists a symplectic vertex
x € SESP with no neighbours y € SS’SP with JH(z,y) = > e €ipi-

ProOF. Without loss of generality, we assume ¢; = 1 and ¢; = 0 for all 2 < i < d.
By Proposition 4.28, YPGSP lies inside an apartment X, corresponding to a symplectic
basis B, of Ay,. That is, every vertex in YPGSP is of the form [ay,...,apn,b1,...,b,]. Let
zo = [0,...,0] € SFP be the origin of X.

We prove by contradiction. Suppose that every symplectic vertex x € SESP has a neighbour
y € SESP such that JH(x,y) = p;. Let yo be the neighbour of xy such that JH(xg,y0) = p1.
Since p; is irreducible, we see that yo = [1,...,1,0,1...,1] where all but one entry is 1.
Without loss of generality, by permuting the elements of B, we assume yo = [0, 1,...,1].
Since p is irreducible, the set SESP is finite by [Bel03, Proposition 3.2.1]. Thus, there exists
an integer u, maximal such that

GS
Ty = [O,az,...,adl,,u,bg,...,bdl] GSp P

is symplectic. By our assumption, there exists a neighbour y, € SESP of x, such that
JH(z,,y,) = p1. By [Bel03, Proposition 3.4.4], since yo = [0,1...,1], we should have

Yo =1[0,a0+1,...,a0, + 1, p+1,b0+1,... bg +1].
By Lemma 4.33, there exists a symplectic vertex z € SSSP, neighbouring z,,, such that
z2=100,...,p+1,...].

This contradicts maximality of . U
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Proor oF THEOREM 4.32. Follows from Proposition 4.35 and Proposition 4.34. 0

5. Symplectic extension graph

In this section, we prove our main results: Theorem 1.6 and Theorem 1.7. We end by
discussing an example where the symplectic extension graph is empty. Throughout, our
setup is as follows. Let (V, ¢) be a symplectic Q,-vector space, and let p: G — GL(V, ¢) be
a symplectic representation that admits a G-stable primitive lattice.

REMARK 5.1. An important class of representations satisfying our hypothesis is continuous
p-adic irreducible symplectic representations of a compact group G. Indeed, from the Bruhat—
Tits fixed point theorem [ABO08, Theorem 11.23] and [ABO8&, Theorem 11.34], the maximal
compact subgroups of GSp,,,(Q,) are stabilizers of vertices in the building and are conjugate
over GLy, (Q,) to GSp,,(Z,). Therefore, by conjugating p if necessary, we can assume that p
admits a G-stable primitive lattice.

5.1. Proof of Theorem 1.6. We prove our main theorem in parts. Let pq,..., pg be
the absolutely irreducible classes of residual factors of p. Let I ={1,...,d}, o0 : I — I be
defined such that p,) >~ p;i-, and let Iy = {i € I | o(i) = i}.

PROPOSITION 5.2 (THEOREM 1.6(a)). Assume p is irreducible, satisfies (rmf) and (dist),
and Iy = @. For every i € I, there is a path from p; to py() in FS‘SP.

PROOF. Let 7 € I and let ¥ be the vertices in ngp to which there is a directed path
from p;. For j € I, let

o)t e e T U{pi},
/ 0 else.

If ¢; = €55y = 1 for some j € I, then we are done by Proposition 1.5. Indeed, if there is a
path from p; to p; and py(;), then there is a path from p; to p,(;). Suppose for all j € I, we
have &; + £,(j) < 1, then there exists an edge from p; with g; = 1 to p; with g, = 0 in T'{5P,
by Theorem 4.32. A path from p; to p; exists in FSSp and gives a path from p; to p,. This is
a contradiction. 0

THEOREM 5.3 (THEOREM 1.6(b)). Assume p is irreducible, satisfies (rmf) and (dist), and
Iy = @. The directed graph I’S’Sp has at most dy strongly connected components. Moreover,
when FSSP has dy strongly connected components, then FS’SP =] )Fi, where I'; s the
strongly connected directed graph on p; and py.

i<o(i

PROOF. Let i € I. For a vertex p; of I'§®, let I'; be the subgraph of I'S®" whose vertices
are either p;, p,(;), or has a path to and from p; and p,(;). We claim that
(i) Iy = Iy and it is a strongly connected subgraph of FSS";
(ii) p; € I; if and only if p,(;) € I'; for any j € I.
We note that (ii) follows from Proposition 1.5. Let us prove (i). By definition, it is immediate
that I'; = I's(;). If p; and p; belong to I';, then we see that there is a path from p; to py:
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Po (i)

In (3), the dashed line represents a path. This proves (i). For all i, j € I and i # j, if ['; # [';,
then we claim that there is no edge from I'; to I';. If there is an edge from I'; to I';, then
there is a path from p; to p;. There is a path from p,(;) to p,) by Proposition 1.5. Thus,
we see that p; has a path to and from p; and p,(;) by Proposition 5.2. That is, p; € I'; and
I'; = T';. This shows that FSSP is the disjoint union of strongly connected subgraphs of the
form T;.

Since T'; contains the two vertices {p;, po(;) }, the maximum number of strongly connected
components is d; = d/2. Moreover, FSSP has d; connected components if and only if I'; is
the strongly connected graph on {p;, po( }- O

5.2. Two Jordan—Holder factors. Let (V,¢) be a symplectic Q,-vector space, and
let p: G — GL(V, ¢) be a symplectic representation admitting a G-stable primitive lattice.
When p has two residual factors, then we have a full characterization of FSSI’.

THEOREM 5.4. Assume p is irreducible and satisfies (dist) and (rmf). The symplectic
extension graph FSSP associated with p is strongly connected if and only if Iyo = @.

The if part follows from Theorem 1.6 when d = 2. The only if part follows from the
result below.

PROPOSITION 5.5. Let Iy = {1,2}, and let JH(p*®) = p1 + p2. For any symplectic G-stable
lattice A, py is semisimple.

PROOF. By Proposition 1.5, if [A] € S5 is symplectic such that 7, is a nonsplit extension
of pa by p1, then it is a nonsplit extension of p; by ps. 0J

EXAMPLE 5.6. We provide an example where the symplectic extension graph is disconnected
and a proper subgraph of Bellaiche’s connected extension graph.
Let G be the elements in GSp,(Z,) whose reduction modulo p is the set of matrices

(é g) with A, B, C, D are diagonal modulo p; that is,

G mod p = GLy(F,) Xar,(r,) GL2(F,) C GSp,(F,).
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More precisely,

ai  pay by pby

G — paz as pbs by
c1 pcy  di pdy

pcs  cy  pdy  dy

‘ a1d; — bicy = agdy — byey mod p

Let the representation p : G — GSp,(Z,) be the inclusion map. Then p is irreducible,

and p = p; & py, where p; = zl ZE) mod p is absolutely irreducible, for 1 <1 < 2, and
det p; = det ps. To show py % po, we show that Trp; # Trps. Indeed, for
1
B -1
g = 1 )

1

we see that Trp;(g) = 2 and Trps(g) = 0. Hence, the irreducible representation p is residually
reducible and multiplicity-free. Moreover, p;ph is not a character as (p1p5)(g) is not a scalar.
By Proposition 5.5, FSSI’ is disconnected.

5.3. Four Jordan—Holder factors. Let (V. ¢) be a symplectic Q,-vector space, and
let p: G — GL(V, ¢) be a symplectic representation admitting a G-stable symplectic lat-
tice and has residual factors py, ps, p3, and ps that are absolutely irreducible and pairwise
nonisomorphic. Let I = {1,2,3,4} and let [y ={i € I | o(i) = i}.

THEOREM 5.7 (THEOREM 5.3: dy = 2). Assume p is irreducible, satisfies (dist) and
(rmf), and assume that Iy = @. The directed graph FSSP 1s either strongly connected, or

FSS" =Ty Uy, where T; is the strongly connected graph on {p;, pi-} for 1 <i < 2.

ExaMPLE 5.8. We illustrate examples for the two cases of Theorem 5.7: one where the
symplectic extension graph is strongly connected and one where it is a union of two strongly
connected subgraphs. We generalize this example in the next section to show that Theorem 1.6
is optimal (see Proposition 5.13).

We first provide an example where the symplectic extension graph is strongly connected.
Let

11 paiz @13 pPaiq

Gy={ | Do G2 P u ) o gep (70 | g e Z, forall 1 < j <4
! pas1 pasz Aasz3 Pasq p4( P) 2] D S,) S

bas1 pasz Ppasz  Qaq
Let p: Gy < GSpy(Z,) be the inclusion. It is not hard to see that p is absolutely irreducible
(or equivalently, p(Q,[G1]) = M4(Q,); see Lemma 5.12 for a proof) and residually reducible
with four Jordan-Holder factors:
p1 = ay; mod p, ps = age mod p and pf = azz mod p, p§ = ayy mod p.

The diagonal matrices in GSp,(Z,) lie in G;. Let B be the symplectic basis fixed. Since B
satisfies the conclusions of Theorem 3.14, YPGSP lies in the apartment X associated with B
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of Ay by Proposition 4.28. By construction, the origin zo = [0, ..., 0] of X is G;-stable and
primitive.

Any symplectic vertex x in 3 is of the form = = |y, aw, 81, 52| with ay + 81 = as + P by
Proposition 4.5. If = is a symplectic GG;-stable vertex, then for every g € G, we have

diag(p™, p**, p™, p™)p(g)diag(p™*, p~°2, p~", p™%) € GSp4(Z,).
Since g € G1 can be chosen such that as;, aso do not lie in pZ,, we get
0<a;—f <1 and 0< -3 <1
We claim either x = zg or z = 7 :=[1,1,0,0]. We see that ay = f; if and only if ay = 5. If
a; = f; and o; = 3; + 1 for j # 1, then
20 = a; + B = a; + B; = 205 + 1,

a contradiction. If a; = f; for some i € {1,2}, then oy = 1 = s = (5 as x is symplectic.
Therefore, x = xg. If &y =14 (1, then ay = 1+ B5. Using ay + B1 = as + (2, we see that
a1 = ay =1 and 8; = By = 0. This shows that x = x;.

Therefore, 7 has a unique G;-stable neighbour z; = [1,1,0,0]. The vertex x, realizes a
nonsplit extension of p;- by p;, and a nonsplit extension of p3- by ps. Moreover, z; realizes a
nonsplit extension of p; by pi and py, and py by py and pi. The following diagram depicts

ypGSp in X:
(@]
/ \
T T
\ O /

In the above diagram, o denotes a neighbouring vertex in prSp of the symplectic vertices x
and x1. In this case, the symplectic extension graph Fg}sp is

P1 P2
L Pz
We provide an example where FSSP has two strongly connected components. Let

11 pai2 @13 paiq
21 22 23  A24
Gy=4 |7 2 P cG
pasz1r pazz2 a3z Pas4
2
P aq1 pas2 pasz Qa4

We see that Gy is a subgroup of G. Let p' := plg,, 0} == pila, and let pit = pi|g, for all
1 <i < 2. Then p is an irreducible representation with residual factors p/, py, pi-, and p4-.
By the same calculations as above, there exist two (Ga-stable symplectic vertices xy and xq,
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and by the shape of G, the edges from py to pi, and p; to py are not realized by Py,- In
this case, the symplectic extension graph FSSP is

I 0
ot 5

We note that although p and p’ have the same image modulo p, their symplectic extension
graphs are different.

REMARK 5.9. We mention certain consequences of Theorem 5.7, under some assumptions,
in the context of genus 2 Klingen Eisenstein series congruences with a genus 2 cuspidal Siegel
eigenform. Such congruences have been studied in [BBK25] with applications to certain
modularity results. In [BBK25], they work with irreducible symplectic Galois representations
that have two residual Jordan-Holder factors (as in our hypothesis of Theorem 1.6 when
d = 2) and whose corresponding symplectic extension graph is strongly connected. When the
Klingen Eisenstein congruence corresponds to an irreducible symplectic Galois representation
that is residually given by four characters, then using Theorem 5.7, we produce certain
nontrivial cohomology classes.

For an integer 7, let F),(r) be the Gg-module F,, with the Gg-action given by multiplication
by the r-th power of the mod-p cyclotomic character w. Let Ej denote the normalized
Eisenstein series of weight k& > 4 level SLy(Z), and let f be a cuspidal eigenform of weight k
and level SLy(7Z) such that f = Ey mod p. Let F' be a genus 2 Siegel cuspidal eigenform that
is eigenvalue-congruent modulo p to the genus 2 Klingen Eisenstein series associated with f.
For simplicity, we assume that F' has Hecke eigenvalues in Z,. Let p: Gg — GSp,(Z,) be
the p-adic Galois representation associated with . Then p* = 1 ® w1 @ w2 ¢ w?*~3 and
(Wh1)+ = wk=2, If p is irreducible, then at least one of the following situations must occur
by Theorem 5.7.

(a) When I'®P is not strongly connected, then H'(Gq,F,(£3 T 2k)) # 0 # H'(Gq, Fy(£1)).
(b) Suppose I'{5P is strongly connected. Then the following must hold
(1) HY(Gq,F,(3 —2k)) # 0 or H'(Gg,F,(2—k)) #0 or H'(Gg,F,(1 — k)) # 0. This
follows from the existence of a path from w?~3 to 1 in Fg}sp.
(ii) H'(Go,F,(2k — 3)) # 0 or H (Gg,F,(k — 2)) # 0 or H(Gg,F,(k — 1)) # 0. This
follows from the existence of a path from 1 to w?*~% in T'G5P.
(iii) HY(Gg,Fp(—1)) # 0 or H(Gg,F,(2 — k)) # 0 or H'(Gg,F,(k — 1)) # 0. This
follows from the existence of path from w*~* to w*~! in I'F%P.
(iv) H'(Gg,F,(1)) # 0 or HY(Gg,Fy(1—k)) # 0 or H(Gg,F,(k—2)) # 0. This follows
from the existence of path from w*~! to w*~? in FSSp.
Further study of the local shape of p at p should give us more information on the local
conditions satisfied by the cohomology classes we produce.

5.4. Proof of Theorem 1.7. In this section, we prove Theorem 1.7 by generalizing
Example 5.8 (see Proposition 5.13 below).
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Let n > 1 be an integer, and let o be the involution on I, = {1,...,2n} defined by
o(i) =i+ nfor 1 <i<mn. Let r be an integer fixed throughout this section such that
1 <r <mn. Let {n;;}1<i j<n satisty the following conditions.

(1) For all 1 < 1 < n, let Nii = ni,a(i) = TNo(i),0() = No@),i — 1=0.
(2) Forall 1 <i#j <n,let ij = Nio() = No()0(j) = 1-
(3) Forall 1 <i <7 —1, let 1,3),; = 2 = 1o(j),; for every 1 < j < n with j # i; else
No(i)g = No(i)i = 1-
Let us denote the assignment (4, 5) — 7;; defined above by (™).

DEFINITIONS 5.10. [BGO06, 2.1.1 and 2.1.2] A directed numbered graph is a triple (V, E,n),
where (V, F) is a directed graph with vertex set V and edge set £ C V2 and n: E — ZU{cc}
is a map. We say (V, E,n) is a metric graph it E = V2 n(v,v) = 0 for all v € V, and
n(u,v) < n(u,w) + n(w,v) for all u,v,w € V.

LEMMA 5.11. The directed numbered graph (Is,, I2,,n\") is a metric graph.

ProOOF. We need to show for all ¢, j, k € Is,, 1 j < 1k + nr,j- The inequality is true for
1 = j by definition. Suppose that i # 7. We see that

i, if k € {i,j},
Nik T NMhj = § Noti),; if k€ {o(i),0())}
> 2 otherwise.

Since 1, ; = Ny(:),; < 2, the result follows. O

Let G, be the collection of elements (a;;) € GSps,(Z,) with a;; € p"7Z,. We have the
inclusions

Gn C - C Gy CQGhL.
LEMMA 5.12. For any 1 <r < n, we have Q,|G,] = M,(Q,).

PROOF. Let E;; be the matrix in M, (Q,) with 1 at the (7, j)-th entry and 0 everywhere
else. We show that E;; € Q,[G,] for all 1 <4,j < 2n. Since there exists a diagonal element
go € G, with residually distinct eigenvalues, E;; € Q,[G,] for all 1 <i < 2n by Lemma 3.18.
Let o be the involution on {1,...,2n} such that o(k) = k+n for all 1 < k < 2n. Let
Id € Ms,(Z,) be the identity matrix. By a simple calculation, for all 1 < i < 2n, we see that
PO E; o0y +1d € G,. This implies that E; ,; € Qp[G,] for all 1 < i < 2n. It remains to
show that F;; € Q,[G,| for 1 <4,j < 2n such that j & {i,0(i)}. Since 1;; = 1o (j),00), We
see that Id + p"i (E; j — Eo(j).0()) € Gy. This implies that E; ; — Eq(j)0) € Qp[G,]. Since
Ei; € Qp[G,] and E;; = E;i(E;j — Eqsj).00)), we see that E; ; € Qp[G,]. dJ

PROPOSITION 5.13.  The inclusion p: G, — GSp,,(Z,) is an irreducible representation
whose residual factors are nonisomorphic characters. The symplectic extension graph FS’SP
has r connected components.

PrOOF. By Lemma 5.11 and [BGO06, Lemme 3.2.1|, G, is a subgroup of GSp,,(Z,).
Moreover, the map p: G, <= GSp,,(Z,) defined by inclusion is irreducible by Lemma 5.12.
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For all 1 <17 < 2n, the residual factors are

Xi((ajx)) = a;; mod p.

By definition, the residual characters x1, . . ., X2, are pairwise distinct. Moreover, if (i) = i+1
for 1 <4 < n, then we see that x,;) = XZ‘L for all ¢ € I,. That is, if A : G, — Z; is the

similitude character of p, then x,@)x; = A.

Let By be the symplectic basis fixed of Z%”. Since the diagonal matrices of GSp,,(Z,)
are in G, YPGSP lies in the apartment of A, associated with By by Proposition 4.28. If
x=laq,...,0n, P1,..., 0] is a G-stable symplectic vertex, then we see that 0 < a; — 3; < 1
for all i € {1,...,2n}. This follows by the condition 7, , = 1 for all 1 < ¢ < n. By a
computation similar to the one done in Example 5.8, we see the only G-stable symplectic
vertices are xg = [Ag] = [0,...,0], and z; = [1,...,1,0,...,0]. By our definition of n"), in
particular (3), the graph FSSP is a disjoint union of r strongly connected subgraphs: r — 1
strongly connected subgraphs with vertices {x;, Xg(i)};";ll, and a strongly connected subgraph
on the remaining vertices. U

5.5. Three Jordan—Holder factors: an example. In this section, we provide an
example of an irreducible symplectic p-adic representation p for which I‘SSP is an empty
graph. This contrasts with Theorem 1.6. An important distinction of this example from the
one provided in Example 5.6 is that the example in Example 5.6 is residually reducible over
GL4(F,) and not over GSp,(F,). That is, the residual representation in Example 5.6 does
not stabilize an isotropic subspace.

PROPOSITION 5.14. There exists an irreducible symplectic p-adic representation p: G —
GSpy(Zy), satisfying (dist) and (rmf), with three residual factors such that T$®P is the empty

graph and FS’L 15 the complete graph.

PROOF. Let I, = {1,2,3,4}, and let G = (I4, I?,n) be the numbered graph defined by
(i) mi; =0 for all i € Iy,
(ii) m;=1forall 1 <i#j <3,
(iil) M1 =m3=ma=na=1and o =14 = 0.
By definition, for all 7, j,k € Iy, n;; + 1 € {0,1,2}. To show that 7 is a metric, the only
case to check is when 7;; + 7, = 0. In this case, it follows that 7;, = 0 by definition.

Let G be the group of elements (a;;) € GSp,(Z,) with a;; € p"iZ,. It immediate that G
is in fact the preimage in GSp,(Z,) under the reduction mod p map of the Levi subgroup
GLy(F,) x GL(F,) x GLo(F,) of the Klingen parabolic in GSp,(F,). Let p: G — GSp,(Z,)
be the inclusion. Then p is irreducible, residually multiplicity free with three residual factors,
and satisfies (dist) by the definition of G. Let ¥ be the apartment in X with respect to the
chosen symplectic basis. By [BGO06, Proposition 3.1.1], ypGL lies in the sub-apartment of ¥
of dimension 2 in X3 and, by [BGO06, Lemme 3.2.1], we have

ypGL = {[al,a2,a3,a4] € | a; —a; < ni,j}‘

By our choice of 7, the simplicial complex YPGL is a triangulated hexagon in the sub-apartment
of ¥. By [BG06, Théoréme 3.3.3], FSL is the complete graph on the three residual factors.
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On the other hand, we see that SSSP = {][0,0,0,0]} by Proposition 4.5. If Ay is the primitive
G-stable lattice such that [Ag] = [0,0,0,0], then Ay is semisimple and FS’SP has no edges. [
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